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Abstract: This paper is concerned with the condition for the convergence to a quaternion doubly stochastic
limit of a sequence of matrices obtained from a non-negative matrix A by alternately scaling the rows and
columns of A and with the condition for the existence of diagonal matrices D, and D, with positive main
diagonals such that D, A D, is quaternion doubly stochastic.The result is the following the sequence of matrices
converges to a doubly stochastic limit if and only if the quaternion matrix A contains at least one positive main
diagonal.A necessary and sufficient condition that there exists diagonal matrices D, and D, with positive main
diagonal matrices such that D; A D, is both quaternion doubly stochastic and the limit of the iteration is that A
# 0 and each positive entry of A is contained in a positive diagonal. The form D; A D, is unique, and D; and D,
are unique up to a positive scalar multiple if and only if A is fully indecomposable.
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I.  Definitions:
If A € H"*"is a quaternion doubly stochastic matrix and o is a Permutation of
{1........n}, then the sequence of elements a;, 6(;).ay,, 0y is called the diagonal of A corresponding to o. If o

is the identity, the diagonal is called the main diagonal.

If A is a non-negative square matrix, A is said to have total support if A # o and if every positive
element of A lies or a positive diagonal.

Il.  Theorem:

Let A be a nonnegative n x n quaternion matrix. A necessary and sufficient condition that there exists a
quaternion doubly stochastic matrix B of the form D; A D, where D, and D, are diagonal matrices with positive
main diagonals is that A has total support. If B exists then it is unique. Also D, and D, are unique upto a scalar
multiple if and only if A is fully indecomposable.

A necessary and sufficient condition that the iterative process of alternately normalizing the rows and
columns of A will converge to a quaternion doubly stochastic limit is that A has support. If A has total support,
this limit is the described matrix D; A D, . If A has support which is not total, this limit cannot be of the form D,
AD;.

PROOF:
1]
Suppose B=D; AD, and B =D;’A D,’ are quaternion doubly stochastic matrix.
D, =diag (3 4% ssemesen x,)
D, =diag (¥, s F Zyseennens Fa)
D '=dieg {x ".x, ", x,")
D" = diag (5, " eomrinn 2.7
r.=x."/ x
gGr=¥jl¥j
Tx.a._F 1,__.\:4: _1.
r 'Y J
"xxag}_; 1% x. ag}} 1
7
‘"mmxaj, = T maxx.d..y .
i= o J' j=1 J
"
P yqj.vj—lg f_.p Y
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m={i/ p=minP, =E},

={j/qj :maquj :al}

Assume,
ioem,joeM,Thenqo(Zanlj Y, j <p

P, 20,70, =R =P
P.=PwhenieE; .
Thus

U,m EicM and it follows that A[m/M] = 0. In the same way
P, =q, " is possibly only if g, =qforallje F..
Hence g, =g, when j e F, andi em.
Thus U, _,, Fic and it follows that A [m/M] = 0.
OnmxM, Pigj = p a and it follows that B [m/M] = B' [m/M] is quaternion

doubly stochastic. In particular m and M must have the same size.
If Ais fully indecomposable, A(m/M] and A (m/M) thus cannot exist.

In such a case A = A(m/M]. Thus D,AD, = D,'AD," and D, and D, are themselves
unique upto a scalar multiple.

If A(m/M]and [m/M) exists, B(m/M) and B'(m/M) exist and are each
guaternion doubly stochastic matrices of order less than n. Further more B(m/M) =
D," A(m/M) D, and B'(m/M) = D,"*A(m/M)D,""

Where the D's are diagonal matrices with positive main diagonals. The argument may

be repeated on these submatrices until D,AD, = D,"AD," is established.
Lemma -1

If A e H™ is a row stochastic quaternion matrixand 4,, £3,,.... 5, are
columns of A, then H:=1 B, £1, with equality only if each g, = 1.

Proof:
Let A have column sums g3

1+ wweeenefB, OF COUTSE, eaCh B, 20 and > B, =n.

By arithmetic geometric mean inequality Hﬁk H }{q } }

with equality occuring only if each

A =1
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min ll_[ﬂk < max {(}{\I )Zn:,Bk T =1

Lemma: 2
Let A = (a;) be an nxn non-negative quaternion matrix with total support and

suppose that if 1 < i, J< N, {Xi,n} and {yj’n} are positive sequences such that x;, ny;, n
converges to a positive limit for each i, j such that aij = 0 then there exist convergent positive

sequences {x'i,n}, {y'j,n} with positive limits such that X', | v, =X;,y;, foralli,j,n.

PROOF:
A is fully indecomposable.

Let
E® = {1}
FY ={j/a; >0}
EY ={ig U:e(k)/for some
jeF*Y, a, > 0}
FO = {je U: F® / for some
iecEY a;> 0}whens 1.
The sets E® and F® are void for sufficiently large S.
DefineE=U, E¥ and F=U, F¥.
Since A has total support, the first row of A contains a nonzero element;
Thus F is non-void. Since F¥ < F, Fis nonvoid. Also since {1} =E¥ cE
IS nonvoid.
Suppose E is a proper subset of {1,2,.....n}.Picki¢E, jeF. Thenje F for
some S. Since i ¢ E, certainly then it could not be that a; - 0 for then
i e E® E, acontraolication. Hence i¢ E, je F = a, =0,
ie., AE/F]=0
F# {L2...n},A[E/F)=0.
Define an nxn matrix H = (h;;) as follows. If a; =0, seth; =0,
ifa; = 0and a; lies on t positive diagonals in A, set h; =t/7 where
7 is the total number of positive diagonals in A.
Then H is quaternion doubly stochastic and h; =0 if and only if
a; = 0. Suppose E contains u elements and F contains V elements.

Since H (E/F] =0, zierjeF h; =v, since either F = {1,.....n} or
H[E/F) =0, ZieEzjeF h; =u, Thus E and F have the same number
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of elements. But E and F cannot be proper subsets of {1,....n} if Ais
assumed to be fully indecomposable.
Thus

E=F={l....n}
Define X', , =y, , and

Yin =XnYin=X,Y;foralijn.

Thenx', ¥, =%,Y;,forallijnSince x', , =1forall n.
Certainly x';,, > 1. ForjeF®,y' =x' YV, =X,Y,.hasa
non-negative limit.

Inductively suppose that is known that x*; ;andy', ;= converge to positive

limits when i UZ E®andje Ui;ll F®. For it E® thereisaj_, € F¢™

such that a.

[ 1 1 1 1
ij s-1 >~ 0 ThUS X i,n =X i,n y s-1,n / y js-1,n = Xi,n yj s-1,n / y js-1,n

has a positive limit.

Then for j e F® there is a, € E® such that aj = 0. When

Y'in =X Y0l X'ion = XsnYin ! X', has a positive limit.

This completes the Proof in cas A is fully indecomposable quaternion doubly
stochastic matrices.

If A'is not fully inclecomposable, then neither is the corresponding quaternion
doubly stochastic matrix H. This means that there exist Permutations P and Q
such that PHQ=H, ®...... ® H  where each H, is quaternion doubly stochastic and
fully indecomposable. Thus also PAQ = Al®......... ®A,. Where each A, has total

support and is fully indecomposable.
Define an iteration on A as follows

1

Letx, =LY, = (Zi’ilaij)_ and setx; ., =, XinYjna = ﬁ_lj,nyj,n'

n n
a1
Xin= in,n & Yin lBj,n = Zoci,n Xin Cij Yin
-1 P

i=1..n j=1.... nn=0.1....
Note that (x; ,a; Y;,) is column stochastic and (x; ,,, &; Y; ) is row stochastic.

-1
n
-1 -1 -1 -1
yj,n :(in,n aij] é Xio aio,n J é Xio,n a-.
i=1
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Where i is such that a; -0 and a is the minimal positive a;. Thus

-1 =
X Yjn=aif a; > 0.

Let A have a positive diagonal corresponding to a permulatation o, and Set
n
S, = | |i:1Xi,nyg(i)'n and

1 n
S, = I Ii:1 Xi ns1 Yo(iyn
1 —n
S,<s, <s,+1 <a".

ThusS, > LandS,'— L.
whereo<L<ga™".

H::llgj = S% 11 This is impossible unless each 4;,, —1.Since I1..5
has a unique maximal value of 1. Only when g, =......... B, =1. Similarly each oc; —1.
A, isthe n™ matrix in the iteration and that A, — B and A, — C. Observe that for

n

any given pair i, j f; # 0 < ¢; # 0. For any permutations o,

IT.b.cw=1].¢c cs=L]] . a. o Thus certainly b, =0 = c; = 0 for suppose

b, J, =0 then b, j, leis on a positive diagonal.
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The corresponding diagonal in ¢ would have a positive product. Thus c,yj, # 0 in
the same way c; # 0= b;; # 0. If in addition A has total support thena; #0 < b, #0 < ¢, =0.

A =D*, A, D%, Forb, > 0,
Xix Z;, — Gy, ™. By lemma 2, there exist a positive sequences {X ', } and {Z",,}

coverging to a positive limits such that X", Z',, =X, Z;, foralli, j, k

then C = D,*B D,*. By the uniquences part of the theorem B = C. It follows that the iteration
converges.

]
b, # 0< a; #0.whena; >0,x,y;, > b;a;”~. By lemma 2 there are
convergent positive sequences {x',,}{y",,} with positive limits such that x; 'y, ' =X, , ¥,

foralli, j, n.

ThenB=D,AD,
Finally we observe that if A has support which is not total, then by Birkhoff's theorem there
IS a non-zero in the iteration. In fact every non-zero element in A which is not on a positive
diagonal must do so. If the limit matrix could be put in the form D,A D, then some term x;a;y; =0

where a; - 0. But then either x; = 0 ory; = 0. The former leads to a row of zeros and the latter
to a column of zeros in D,A D,. In either case D,A D,. In either case D,A D, could not be
quaternion doubly stochastic matrix.
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