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Abstract:In this paper we define completely semi prime fuzzy ideal, fuzzy d-system and semiprime fuzzy ideal of 

a po semigroup  next prove that every completely prime fuzzy ideal of a po semigroup S is a completely 

semiprime fuzzy ideal of S and then establish the relation between completely semiprime fuzzy and fuzzy d-

system. Next define the fuzzy n-system and prove the relation between fuzzy m-system and fuzzy n-system and 

also prove the relation between semiprime fuzzy ideal. In the next section, fuzzy left(right) filter, fuzzy filter of 

PO semigroup are defined. Next prove that f is fuzzy left(right) filter of S iff 𝑓′ is completely prime fuzzy 

right(left) ideal of S, relation between fuzzy filter and prime fuzzy ideal of S. Also define fuzzy filter of S 

generated by generated by f and prove tht fuzzy filter of S generated by f is the intersection of all fuzzy filters of 

S containing f. 
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I. Introduction 
The algebraic theory of semigroups was studied by CLIFFORD [1, 2], PETRICH [3] and LJAPIN 

[4].The ideal theory of semigroups was developed by ANJANEYULU A [5]. 

Many researchers have been extending the concepts and results of abstract algebra.  

As we know, in paper[6,7], P.M.Padmalatha et al introduced the concept of completely prime po ideals, prime 

po ideals and po filters of partially ordered semigroups(po semigroups), in that define m-system and n-system of 

po semigroup. 

L A ZADEH[8] introduced the notion of fuzzy subset of a set in 1965.Since then, a series of research 

on fuzzy sets results fuzzy logic, fuzzy set theory, fuzzy algebra etc. A ROSENFELD [9] is the father of fuzzy 

abstract algebra. N Kuroki developed fuzzy ideal theory of semigroups. N Kehayopulu and M Tsingelis[10] 

introduced the notion of fuzzy ideals in partially ordered semigroups (po semigroups). Xiang-Yun Xie,, Jian 

Tang[11] introduced ordered fuzzy point, fuzzy left(right) ideal of an ordered semigroup and completely 

semiprime fuzzy ideal of ordered semigroup. J. N. Mordeson et al[12] proved relations between fuzzy points of 

semi group. In Paper [13] defined fuzzy filters and fuzzy bi-filters of an ordered semigroup. In Paper[14] 

establish the relation between Prime fuzzy ideal and fuzzy m-system of S. 

 

II. Preliminaries 
Definition 2.1: [6] A semigroup S with an ordered relation ≤ is said to be posemigroup if S is a partially 

ordered set such that a ≤  b ⇒ ax ≤  bx , xa ≤ xb  for all a, b, x ∈ S. 

Definition2.2: A function f from S to the closed interval [0,1] is called a fuzzy subset of S. 

The po semigroup S itself is a fuzzy subset of S such that S(x)=1, ∀x ∈ S. It is denoted by S or 1. 

Definition2.3: Let A be a non-empty subset of S. We denote 𝐟𝐀, the characteristic mapping of A. i.e., The  

mapping of S into [0,1] defined by  

fA(x)= 
1    if x ∈ A 
0  if x ∉ A

   Then fA  is a fuzzy subset of S. 

Definition 2.4: Let f and g be two fuzzy subsets of po semigroup S. Then the inclusion relation fg is defined  

by f(x)≤g(x), ∀ x∈S. 

Definition 2.5: Let (S, ≤) be a po semigroup and f,g be two fuzzy subsets of S. For x ∈ S theproduct fog is  
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defined by (fog)(x) =  
∨x≤yz f y ∧ g z   if x ≤ yz exists

0                                            otherwise
  

Definition2.6:[11]Let S be a posemigroup. A fuzzy subset f of S is called a fuzzy left ideal of S if (i) x ≤  y then  

f(x)  ≥  f(y) (ii) f(xy)  ≥  f(y), ∀ x,y ∈ S. 

Definition2.7: [11]Let S be a posemigroup. A fuzzy subset f of S is called a fuzzy right ideal of S if (i) x ≤ y  

then f(x) ≥ f(y) (ii) f(xy) ≥ f(x), ∀ x,y∈S. 

Definition2.8:[11]Let S be a posemigroup. A fuzzy subset f of S is called a fuzzy idealof S if (i) x ≤ y then f(x)  

≥ f(y) (ii) f(xy) ≥ f(y), f(xy) ≥ f(x), ∀ x,y∈S. 

Definition2.9: Let S be a po semigroup, a ∈ Sand λ ∈ (0,1]. An ordered fuzzy point aλ of S defined by  aλ x =

 
λ if x ∈  a 

0 if x ∉  a 
  

clearly aλ is a fuzzy subset of S. For every fuzzy subset f of S, we also denote aλ ⊆ f by aλ ∈ f 
Definition 2.10:  A fuzzy ideal  f of a po semigroup S is called completely prime fuzzy idealif∀ two ordered 

fuzzy points xt , yr  of S ( ∀t, r ∈ (0,1])  such that  xtoyr ⊆ f  then xt ⊆ f or yr ⊆ f . 

Definition 2.11: Let S be a po semigroup. A fuzzy ideal f of S is said to be prime fuzzy ideal if ∀ 2 fuzzy ideals 

g and h of S, goh ⊆ f then either g ⊆ for h ⊆ f. 
Definition 2.12: Let f be a fuzzy subset of a po semigroup S. f  is said to be fuzzy m-system of S provided if 

f x > t1 , f y > t2 ⇒ ∃c, s ∈ s ∋ f c > t1 ∨ t2and c ≤ xsy. 

 

III. Completely Semiprime Fuzzyideals And Semiprime Fuzzy Ideals 
Definition 3.1: A fuzzy ideal f of a po semigroup S is said to be a completely semi prime fuzzy idealif for any 

fuzzy point at  of S such that at
n ⊆ f for some n ∈ N then at ⊆ fwhere t ∈ (0,1]. 

Theorem 3.2:Let f be a fuzzy  ideal of a po semigroup S.f is completely semiprime fuzzy ideal iff for any  

ordered fuzzy point at  of S such that at
2 ⊆ f ⇒ at ⊆ f. 

Proof: Suppose f is completely semiprime fuzzy ideal then clearly if at
2 ⊆ f ⇒ at ⊆ f. 

Conversely suppose that at
2 ⊆ f ⇒ at ⊆ f. 

We prove this by induction on n. This is true for n = 2. 
Assume that this is true for n = k. 

⇒ at
k−1oat

k+1 ⊆ sof ⊆ f ⇒ at
2k ⊆ f ⇒  (at

k)2 ⊆ f ⇒ at
k ⊆ f ⇒ at ⊆ f by inductive hypothesis. Therefore f is  

completely semiprime fuzzy ideal. 

Theorem 3.3: If f is completely semiprime fuzzy ideal of a po semigroup S then for x ∈ S for every λ1 , λ2 ∈
 0,1  i xλ1

oxλ2
⊆ f ⇒ xλ1

oxλ2
oS ⊆ f  

(ii) xλ1
oSoxλ2

⊆ f      (iii) Soxλ1
oxλ2

⊆ f. 

Proof: Let f be completely semiprime fuzzy ideal of a po semigroup S 

Suppose xλ1
oxλ2

⊆ f. 

Consider   xλ1
oxλ2

oS 
2

= (xλ1
oxλ2

oS)o(xλ1
oxλ2

oS) 

= (xλ1
oxλ2

oS)o(xλ1
oxλ2

)oS 

⊆ SofoS ⊆ f 

⇒  xλ1
oxλ2

oS 
2
⊆ f ⇒ (xλ1

oxλ2
oS) ⊆ f  since f is completely semiprime fuzzy ideal. 

Consider (xλ2
oxλ1

)2 =  xλ2
oxλ1

 o xλ2
oxλ1

 = xλ2
o xλ1

oxλ2
 oxλ1

⊆ SofoS ⊆ f 

⇒ xλ2
oxλ1

⊆ f 

Consider (xλ1
o S oxλ2

)2 = (xλ1
o S oxλ2

)o(xλ1
o S o xλ2

) 

   = xλ1
o S o(xλ2

o xλ1
)o S o xλ2

 ⊆ SofoS ⊆ f  

therefore xλ1
oSoxλ2

⊆ f since f is completely semiprime fuzzy ideal. 

Consider (So xλ1
o xλ2

)2 = (So xλ1
 oxλ2

)o(S o xλ1
 o xλ2

) 

   = So(xλ1
oxλ2

oS)o xλ1
 o xλ2

 ⊆ SofoS ⊆ f  

Therefore Soxλ1
oxλ2

⊆ f since f is completely semiprime fuzzy ideal. 

Corollary 3.4: Let f be a fuzzy ideal of a po semigroup S. If f is completely semiprime then for every two 

ordered fuzzy points xt , yr  of S such that xtoyr ⊆ f then < xt > o < yr >⊆ fwheret, r ∈ (0,1]. 
Theorem 3.5:Every completely prime fuzzy ideal of a po semigroup S is a completely semiprime fuzzy ideal of 

S. 

Proof: Let f be completely prime fuzzy ideal of a po semigroup S and at  be any ordered fuzzy point of S such 

that at
2 ⊆ f ⇒ atoat ⊆ f ⇒ at ⊆ f . 

Therefore f is completely semiprime fuzzy ideal. 
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Theorem 3.6: Let f be prime fuzzy ideal of a po semigroup S. If f is completely semiprime ideal of S 
then f is completely prime fuzzy ideal. 
Proof: Let f be completely semiprime fuzzy ideal of S. 

Let xtoyr ⊆ f ⇒< xt > 𝑜 < yr >⊆ f by corollary 3.4 

⇒ xt ⊆ f or yr ⊆ f since f is prime fuzzy ideal. 

Therefore f is completely prime fuzzy ideal. 

Theorem 3.7: The nonempty intersection of any family of completely prime fuzzy ideals of a po semigroup S is  

a completely semiprime fuzzy ideal of S. 

Proof: By[5.6 ,14], intersection of family of fuzzy ideals of a po semigroup is a fuzzy  ideal. 

Let  fα  be an arbitrary family of completely prime fuzzy ideals of S such that ∩ fα ≠ ∅. 

Clearly ∩ fα is a fuzzy  ideal. 

Let xλ
2 ∈∩ fα  ⇒  xλ

2 ∈ fα for eachα. 

⇒ xλ ∈ fα for each α,since fα is completely prime fuzzy ideal. 

Therefore ∩ fα is completely semiprime fuzzy ideal of S. 

Definition 3.8: A fuzzy subset f of S is said to be a fuzzy d-systemof Sif xt ⊆ f ⇒ xt
n ⊆ f for every n ∈ N and  

t ∈ (0,1]. 
Theorem 3.9:Let f be fuzzy ideal of a po semigroup S.f is completely semiprime fuzzy ideal iff 1 − f is a fuzzy  

d-system of S if 1 − f ≠ ∅. 

Proof: Suppose that f is a completely semiprime fuzzy ideal of S. 

Let xt ⊆ 1 − f ⇒ xt ⊈ f ⇒ f x < 𝑡 

If possible suppose xt
n ⊈ 1 − f ⇒ xt

n ⊆ f for every n ∈ N ⇒ xt
2 ⊆ f ⇒  xt ⊆ f which is contradiction. 

Therefore xt
n ⊆ 1 − f ⇒ 1 − f is a fuzzy d-system. 

Conversely suppose 1 − f is fuzzy d-system of S. 

Let xt
2 ⊆ f .Suppose xt ⊈ f ⇒ xt ⊆ 1 − f ⇒ xt

n ⊆ 1 − f for every n ∈ N 

⇒ xt
2 ⊆ 1 − f ⇒  xt

2 ⊈ f , which is contradiction. 

Therefore xt ⊆ f ⇒ f is completely semiprime fuzzy ideal. 

Definition 3.10: A fuzzy ideal f of a po semigroup S is said to besemiprimeif g is a fuzzy ideal of S and gn ⊆ f  
for some natural number n then g ⊆ f. 
Theorem 3.11: A fuzzy ideal f of a po semigroup S is semiprime iff g is fuzzy ideal of S such that g2 ⊆ f then  

g ⊆ f 
Proof:Suppose f is semiprime fuzzy ideal. 

If  g2 ⊆ f ⇒ g ⊆ f. 
Conversely suppose that if g2 ⊆ f then g ⊆ f. We prove that if gn ⊆ f for some natural number n then g ⊆ f  by  

using induction on n. 

Since if g2 ⊆ f then g ⊆ f, it is true for n = 2. 

Assume that gk ⊆ f forsome k ∈ N,1 ≤ k ≤ n ⇒ g ⊆ f. 
Now assume gk+1 ⊆ f ⇒ gk+1ogk+1 ⊆ f since f is fuzzy ideal 

⇒ g2k ⊆ f ⇒ (gk)2 ⊆ f ⇒ gk ⊆ f ⇒ g ⊆ f. 
By induction, f is semiprime fuzzy ideal. 

Theorem 3.12: Everyprime fuzzy ideal of a po semigroup S is semiprime fuzzy ideal. 

Proof:  Let f be prime fuzzy ideal of a po semigroup S. 

Let g2 ⊆ f where g is a fuzzy ideal ⇒ g ⊆ f since f is prime fuzzy ideal. 

Therefore f is semiprime fuzzy ideal. 

Theorem 3.13: If f is a fuzzy ideal of a po semigroup S then the following are equivalent. 

(a) f is a semiprime fuzzy ideal. 

(b) For an ordered fuzzy point at ,< at >2⊆ f ⇒ at ⊆ f. 
(c) For any at ,SoatoSoatoS ⊆ f ⇒ at ⊆ f. 
Proof: a ⇒ (b) is obvious.    

                                                                              

 𝐛 ⇒  𝐜 :Let at  be a fuzzy point of S such that SoatoSoatoS ⊆ f. 
Here  < at >= (at ∪ atoS ∪ Soat ∪ SoatoS) 

⇒< at >2= (at ∪ atoS ∪ Soat ∪ SoatoS)o(at ∪ atoS ∪ Soat ∪ SoatoS) 

    ⊆ So at ∪ atoS ∪ Soat ∪ SoatoS  ⊆  Soat ∪ SoatoS ⊆  SoatoSoatoS ⊆ f  

⇒< at >2 ⊆ f From (b),at ⊆ f 
 𝐜 ⇒  𝐚 : 

 For any at , if SoatoSoatoS ⊆ f then at ⊆ f. 
 Let g be any fuzzy po ideal of S such that g2 ⊆ f. 
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 Suppose if possible g ⊈ f ⇒ there exists a fuzzy point at ⊆ g and at ⊈ f. 
Since at ⊆ g. Now atoSoatoS ⊆ g2 ⊆ f  ⇒ at ⊆ f , Which is a contradiction.    

⇒  g ⊆ f. Therefore f is a semiprime fuzzy ideal of S. 

Theorem 3.14: Every completely semiprime fuzzy ideal of a po semigroup S is a semiprime fuzzy ideal of S. 

Proof:  Suppose that f is completely semiprime fuzzy ideal of S. 

Let at  be any ordered fuzzy point of S such that < at >n⊆ f forsome n ∈ N. 

Now atoatoat … . . oat(n times)⊆< at
n >⊆< at >n⊆ f 

⇒ at
n ⊆ f ⇒ at ⊆ f ⇒ < at > ⊆ f  by theorem 3.13. 

Therefore f is a semiprime fuzzy ideal of S. 

Theorem 3.15: Let S be a commutative po semigroup and f be a fuzzy ideal of S. Then f is completely  

semiprime fuzzy ideal iff f is semiprime fuzzy ideal. 

Proof: Suppose f is completely semiprime fuzzy ideal. By theorem 3.14,f is a semiprime fuzzy ideal of S. 

Conversely, suppose that f is semiprime fuzzy ideal of S. 

Let at  be any ordered fuzzy point of S, at
n ⊆ f for some n ∈ N. 

Now at
n ⊆ f ⇒< at >n⊆ f ⇒< at >⊆ f since f is semiprime fuzzy ideal ⇒ at ⊆ f 

Therefore f is completely semiprime fuzzy ideal of S. 

Theorem 3.16: The non-empty intersection of arbitrary family of prime fuzzy ideals of a po semigroup S is a  

semiprime fuzzy ideal. 

Proof: Let  fα  be an arbitrary family of  prime fuzzy ideals of S such that ∩ fα ≠ ∅. 

Clearly ∩ fα is a fuzzy ideal by [4.9 ,14]. 

Let at  be any ordered fuzzy point of S such that < at
2 >⊆ ∩ fα ⇒ < at

2 >⊆ fα for each α 

⇒< at >⊆ fα for each α ⇒ < at >⊆ ∩ fα 

Therefore intersection of arbitrary family of prime fuzzy ideals of a po semigroup S is a semiprime fuzzy ideal. 

Definition 3.17: Let f be a fuzzy subset of a po semigroup S.f is said to be fuzzy n-system 

of S provided if f x > 𝑡 ⇒ ∃ c ∈ S, s ∈ S ∋ f(c) > 𝑡 and c ≤ xsx where x ∈ S and t ∈ (0,1]. 
Theorem 3.18: Every fuzzy m-system of a po semigroup S is a fuzzy n-system. 

Proof: Let f be a fuzzy m-system of a po semigroup S.  

Let f(x) > 𝑡 for some x ∈ S and t ∈ (0,1]. 
Since f(x) > 𝑡 and f is fuzzy m-system of S. 

⇒ ∃ c ∈ S, s ∈ S ∋ f(c) > 𝑡 ∨ t = t and c ≤ xsx 

⇒ f(c) > 𝑡 and c ≤ xsx whenever f(x) > 𝑡 

⇒ f is fuzzy n-system of S. Therefore every fuzzy m-system is a fuzzy n-system. 

Corollary 3.19: Let f be a semiprime fuzzy ideal of a po semigroup S. If xroSoxr ⊆ f for some ordered fuzzy 

point xr  of S thenxr ⊆ f 
Proof: Let f be semiprime fuzzy ideal of S. Let xroSoxr ⊆ f 
Consider  SoxroS 2 =  SoxroS o SoxroS ⊆ So xroSoxr oS ⊆ SofoS ⊆ f 
⇒  SoxroS 2 ⊆ f and f is a semiprime fuzzy ideal of S. 

⇒  SoxroS ⊆ f.  By[3.6,11 ], (xr)3 ⊆ SoxroS ⊆ f ⇒ xr ⊆ f 
Theorem 3.20: Let f be a fuzzy ideal of a po semigroup S. If f is semiprime fuzzy ideal iff 1 − f is a fuzzy n- 

system if 1 − f ≠ ∅ 

Proof: Let f be a semiprime fuzzy ideal of S. 

Let  1 − f  x > 𝑡 ⇒ f x < 1 − t ⇒  x1−t ⊈ f 
From corollary 3.19, x1−to S o x1−t ⊈ f since f is semiprime fuzzy ideal. 

⇒ (xsx)1−t ⊈ f ⇒ f xsx < 1 − t ⇒  1 − f (xsx) > 𝑡 

⇒ 1 − f is a fuzzy n-system. 

Conversely, suppose that  1 − f is fuzzy n-system and 1 − f ≠ ∅ 

Let g be fuzzy ideal of S such that g2 ⊆ f. 
Suppose g ⊈ f ⇒ there exist an ordered fuzzy point xλ ∋ xλ ⊆ g and xλ ⊈ f 

⇒ f(x) < λ ⇒  1 − f  x > 1 − λ 

⇒ there exists c, s ∈ S such that  1 − f  c > 1 − λ and c ≤ xsx ⇒ f(c) < λ 

Since c ≤ xsx ⇒ f(c) ≥ f(xsx) ⇒ f(xsx) < λ 

But xλ ⊆ g, By[7.6.1(3),12], xλoxλ ⊆ gog = g2 ⊆ f 
⇒ (xλoxλ)(t) ≤ f(t) ⇒ f(t) ≥ λ for every t ∈ S. 

But xsx ∈ S ⇒ f(xsx) ≥ λ which is contradiction. Thereforeg ⊆ f. 
⇒ f is semiprime fuzzy ideal of S. 

Theorem 3.21: If f is a fuzzy n-system of a po semigroup S and f(x) > 𝑡 forsome x ∈ S then there exists a subset  

M of S such that f is fuzzy m-system on M. 
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Proof: Define c1 = x since f(c1) > 𝑡 then there exists c2 ∈ S, s1 ∈ S such that f(c2) > 𝑡 and c2 ≤ c1s1c1 since f  
is fuzzy n-system. 

since f(c2) > 𝑡 then there exists c3 ∈ S, s2 ∈ S such that f(c3) > 𝑡 and c3 ≤ c2s2c2 and so on 

In general, if ci has been defined, choose ci+1 as ci+1 ∈ S, si ∈ S such that f(ci+1) > 𝑡 and ci+1 ≤ cisici.  

Construct M =  c1, c2, …… ci , ci+1, …… .   
clearly M is a subset of S. Let ci , cj ∈ M for i ≤ j ⇒ f ci > 𝑡, 𝑓(cj) > 𝑡 and also clearly cj+1 ∈ M ⇒ f is a fuzzy  

m-system on M. 

 

IV. Fuzzy Filters Of Po Semigroup 
Definition 4.1: A po sub semigroup F of a po semigroup S is said to be po left filter of S if  a a, b ∈ S, ab ∈ 

F ⇒ a ∈ F b a, b ∈ S, a ≤ b and a ∈ F ⇒ b ∈ F. 

Note 4.2: A po subsemigroup F of a po semigroup S is a po left filter of S iff  a a, b ∈ S, ab ∈ F ⇒ a ∈
F b (F] ⊆ F. 

Definition 4.3: Let S be a po semigroup. A fuzzy subsemigroup f of S is called a fuzzy left filter of S if  

 a x ≤ y ⇒ f(x) ≤ f(y) b f xy ≤ f x , ∀x, y ∈ S. 

Theorem 4.4:[13]Let S be a po semigroup and A be a non-empty subset of S. Then A is a po left filter of S iff 

the characteristic function fA  is a fuzzy left filter of S. 

Theorem 4.5: The non-empty intersection of two fuzzy left filters of a po semigroupS is also a fuzzy left filter 

of S. 

Proof: Let f, g be two fuzzy left filters of po semigroup S. Let x ≤ y, 
Consider  f ∩ g  x = f x ∧ g x ≤ f y ∧ g y =  f ∩ g  y ⇒   f ∩ g  x ≤  f ∩ g (y). 

Consider  f ∩ g  xy = f xy ∧ g xy ≤ f x ∧ g x =  f ∩ g (x). 

Therefore f ∩ g is a fuzzy left filter of S. 

Theorem 4.6:  The non-empty intersection of a family of  fuzzy left filters of a po semigroup S is also a fuzzy 

left filter of S. 

Proof: Let  fα α∈Δ  be a family of fuzzy left filters of a po semigroup S and let F = fαα∈∆
∩ = f1 ∩ f2 ∩ …. 

Let x, y ∈ S such that x ≤ y. 

Consider F x = fα x = f1 x ∧ f2 x ∧ f3 x ∧ …… . .α∈Δ
∩  

≤ f1 y ∧ f2 y ∧ f3 y ∧ ……. 
= fα y = F(y)α∈Δ

∩  
⇒ F(x) ≤ F(y). 

Consider F xy = fα xy = f1 xy ∧ f2 xy ∧ f3 xy ∧ …… . .α∈Δ
∩  

 

≤ f1 x ∧ f2 x ∧ f3 x ∧ ……. 
= fα x = F(x)α∈Δ

∩  

 ⇒ F(xy) ≤ F(x). 

Therefore Fis a fuzzy left filter of S. 

Theorem 4.7: Let S be a po semigroup. A fuzzy subsemigroup f of S is a fuzzy leftfilter of S iff f ′ = (=1-f) is a  

completely  prime fuzzy right ideal of S. 

Proof: Let f be a fuzzy left filter of S. 

Let x, y ∈ S such that  x ≤ y ⇒ f x ≤ f y ⇒ f ′(x) ≥ f ′(y). 

Consider f ′ xy = 1 − f xy ≥ 1 − f x = f ′ x ⇒ f ′ xy ≥ f ′ x . 
⇒ f ′is a fuzzy right ideal of S. 

Let xt , yr  be two ordered fuzzy points such that t, r ∈ (0,1] 
suppose  xto yr ⊆ f ′. Let xt ⊈ f ′ and yr ⊈ f ′ ⇒ xt ⊃ 1 − f and  yr ⊃ 1 − f 
⇒ 1 − xt ⊆ fand 1 − yr ⊆ f ⇒  1 − xt ∨  1 − yr ⊆ f ⇒ 1 − (xt ∧ yr) ⊆ f 

But xt  o yr ⊆ f ′ = 1 − f ⇒ 1 − (xto yr) ⊃ f 

⇒ f ⊂ 1 −  xt  o yr  ⊆ 1 − (xt  ∧ yr)which gives a contradiction. 

Therefore either xt ⊆ f′or yr ⊆ f′. 
⇒ f′ is a completely prime fuzzy right ideal of S. 

Conversely assume that f′ is a completely prime fuzzy right ideal of S. 

Let x ≤ y then f ′ x ≥ f ′ y ⇒ f(x) ≤ f(y) 

Sincef ′ xy ≥ f ′ x  ⇒ f(xy) ≤ f(x). 

Therefore f is a fuzzy left filter of S. 

Corollary 4.8: Let S be a po semigroup and f is a fuzzy left filter of S. Then f ′(= 1 − f) is a prime fuzzy right  

ideal of S if f′ ≠ ∅. 

Proof:By Theorem 4.7,f′ is a completely prime fuzzy right ideal of S. 



Completely Semiprime Fuzzy Ideal and Fuzzy Filters of PO Semigroup 

                                                                 www.ijesi.org                                                        54 | Page

  

[6.12, p-3**] Every completely prime fuzzy ideal of S is a  prime fuzzy ideal of S. 

Therefore if f is a fuzzy left filter of S then f′ is a prime fuzzy right ideal of S. 

Definition 4.9:[ 13]Let S be a po semigroup. A fuzzy subsemigroup f of S is called a fuzzy right filter of S if 

(a) x ≤ y ⇒ f(x) ≤ f(y) (b) f xy ≤ f y , ∀x, y ∈ S. 

Theorem 4.10:[ 13] Let S be a po semigroup and A be a non-empty subset of S.Then A is a po right filter of S  

iff the characteristic function fA  is a fuzzy right filter of S. 

Theorem 4.11: The non-empty intersection of two fuzzy right filters of a po semigroup S is also a fuzzy right  

filter of S. 

Proof: Let f, g be two fuzzyright filters of po semigroup S. Let x ≤ y, 
Consider f ∩ g  x = f x ∧ g x ≤ f y ∧ g y =  f ∩ g  y ⇒   f ∩ g  x ≤  f ∩ g (y). 

Consider f ∩ g  xy = f xy ∧ g xy ≤ f y ∧ g y =  f ∩ g (y). 

Therefore f ∩ g is a fuzzy right filter of S. 

Theorem 4.12:  The non-empty intersection of a family of  fuzzy right filters of a po semigroup S is also a  

fuzzy right filter of S. 

Proof: Let  fα α∈Δ be a family of fuzzy right filters of a po semigroup S and let F = fαα∈∆
∩ = f1 ∩ f2 ∩ …. 

Let x, y ∈ S such that x ≤ y. 

Consider F x = fα x = f1 x ∧ f2 x ∧ f3 x ∧ …… . .α∈Δ
∩  

≤ f1 y ∧ f2 y ∧ f3 y ∧ ……. 
= fα y = F(y)α∈Δ

∩  

⇒ F(x) ≤ F(y) . 

Consider F xy = fα xy = f1 xy ∧ f2 xy ∧ f3 xy ∧ …… . .α∈Δ
∩  

≤ f1 y ∧ f2 y ∧ f3(y) ∧ ……. 
= fα y = F(y)α∈Δ

∩  

 ⇒ F(xy) ≤ F(y). 

Therefore Fis a fuzzy right filter of S. 

Theorem 4.13: Let S be a po semigroup. A fuzzy subsemigroup f of S is a fuzzy right filter of S iff f ′(=1-f ) is a  

completely  prime fuzzy left ideal of S. 

Proof: Let f be a fuzzy right filter of S. 

Let x, y ∈ S such that  x ≤ y ⇒ f x ≤ f y ⇒ f ′ x ≥ f ′ y . 

Consider f ′ xy = 1 − f xy ≥ 1 − f y = f ′ y ⇒ f ′ xy ≥ f ′ y . 
⇒ f ′is a fuzzy left ideal of S. 

Let xt , yr  be two ordered fuzzy points such that t, r ∈  0,1  
suppose  xto yr ⊆ f ′. Let xt ⊈ f ′ and yr ⊈ f ′ ⇒ xt ⊃ 1 − f and  yr ⊃ 1 − f 
⇒ 1 − xt ⊆ fand 1 − yr ⊆ f ⇒  1 − xt ∨  1 − yr ⊆ f ⇒ 1 −  xt ∧ yr ⊆ f 

But  xt  o yr ⊆ f ′ = 1 − f ⇒ 1 −  xto yr ⊃ f 
⇒ f ⊂ 1 −  xt  o yr  ⊆ 1 − (xt  ∧ yr)which gives a contradiction. 

Therefore either xt ⊆ f′ or yr ⊆ f′. 
⇒ f′ is a completely prime fuzzy left ideal of S. 

Conversely assume that f′ is a completely prime fuzzy left ideal of S. 

Let x ≤ y then f ′ x ≥ f ′ y ⇒ f(x) ≤ f(y) 

Sincef ′ xy ≥ f ′ y  ⇒ f(xy) ≤ f(y). 

Therefore f is a fuzzy right filter of S. 

Corollary 4.14: Let S be a po semigroup and f is a fuzzy right filter of S. Then f ′(= 1 − f) is a primefuzzy left  

ideal of S if f′ ≠ ∅. 

Proof: By Theorem 4.13,f′ is a completely prime fuzzy left ideal of S. 

By [6.12, 14] Every completely prime fuzzy ideal of S is a prime fuzzy ideal of S. 

Therefore if f is a fuzzy left filter of S then f′ is a prime fuzzy left ideal of S. 

Definition 4.15: Let S be a po semigroup. A fuzzy subsemigroup f of S is called a fuzzy filter of S if 

(a) x ≤ y ⇒ f(x) ≤ f(y) (b) f xy ≤ f x ∧ f y , ∀x, y ∈ S. 

Theorem 4.16:[13] Let S be a po semigroup and A be a non-empty subset of S.Then A is a po filter of S iff the  

characteristic function fA  is a fuzzy filter of S. 

Note 4.17: A fuzzy subsemigroup f of a po semigroup S is a fuzzy filter of S iff f is a fuzzy left filter, fuzzy right  

filter of S. 

Definition 4.18: A fuzzy filter f of a po semigroup S is said to be proper fuzzy filter if f ≠ S. 

Theorem 4.19: The non-empty intersection of two fuzzy filters of a po semigroup S is also a fuzzy filter of S. 

Proof: Let f, g be two fuzzy filters of po semigroup S. Let x ≤ y, 
Consider  f ∩ g  x = f x ∧ g x ≤ f y ∧ g y =  f ∩ g  y  
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⇒  f ∩ g  x ≤  f ∩ g  y . 

Consider  f ∩ g  xy = f xy ∧ g xy = f x ∧ f y ∧ g x ∧ g y  

= f x ∧ g x ∧ f y ∧ g y  
                                          =  f ∩ g (x) ∧  f ∩ g (y). 

Therefore f ∩ g is a fuzzy filter of S. 

Theorem 4.20: The non-empty intersection of a family of fuzzy filters of a po semigroup S  is also a fuzzy filter  

of S. 

Proof: Let  fα α∈Δ be a family of fuzzy filters of a po semigroup S and let F = fαα∈∆
∩ = f1 ∩ f2 ∩ …. 

Let x, y ∈ S such that x ≤ y. 

Consider F x = fα x = f1 x ∧ f2 x ∧ f3 x ∧ …… . .α∈Δ
∩  

≤ f1 y ∧ f2 y ∧ f3 y ∧ ……. 
= fα y = F y α∈Δ

∩  

⇒ F x ≤ F y . 

Consider F xy = fα xy = f1 xy ∧ f2 xy ∧ f3 xy ∧ …… . .α∈Δ
∩  

=  f1 x ∧ f1 y ∧ f2 x ∧ f2 y ∧ f3 x ∧ f3 y ∧ ……. 
=  f1 x ∧ f2 x ∧ f3 x ∧ …… .  ∧  f1 y ∧ f2 y ∧ f3 y ∧ …… .   
= fα x ∧ fα y = F x α∈Δ

∩ ∧ F y α∈Δ
∩  

 ⇒ F xy = F(x) ∧ F(y). 

Therefore the nonempty intersection of fuzzy filters of a po semigroup S is a fuzzy filter of S. 

Theorem 4.21: Let S be a po semigroup. A fuzzy subsemigroup f of S is a fuzzy filter of S iff f ′(=1-f ) is a  

completely  prime fuzzy  ideal of S. 

Proof: Let f be a fuzzy filter of S. 

Let x, y ∈ S such that  x ≤ y ⇒ f x ≤ f y ⇒ f ′(x) ≥ f ′(y). 

Consider f ′ xy = 1 − f xy ≥  1 − f x  ∧ (1 − f y ) = f ′ x ∧ f ′ y . 

⇒ f ′is a fuzzy ideal of S. 

Let xt , yr  be two ordered fuzzy points such that t, r ∈ (0,1] 
suppose  xto yr ⊆ f ′. Let xt ⊈ f ′ and yr ⊈ f ′ ⇒ xt ⊃ 1 − f and  yr ⊃ 1 − f 
⇒ 1 − xt ⊆ f  and 1 − yr ⊆ f ⇒  1 − xt ∨  1 − yr ⊆ f ⇒ 1 − (xt ∧ yr) ⊆ f 
But  xtoyr ⊆ f ′ = 1 − f ⇒ 1 − (xtoyr) ⊃ f 
⇒ f ⊂ 1 −  xtoyr ⊆ 1 − (xt ∧ yr), which is a contradiction 

Therefore either xt ⊆ f′ or yr ⊆ f′. 
⇒ f′ is a completely prime fuzzy ideal of S. 

Conversely assume that f′ is a completely prime fuzzy ideal of S. 

Let x ≤ y then f ′ x ≥ f ′ y ⇒ f(x) ≤ f(y) 

Since f ′ xy ≥ f ′ x  and f ′ xy ≥ f ′ y ⇒ f(xy) ≤ f(x) and f(xy) ≤ f(y) 

⇒ f(xy) ≤ f(x) ∧ f(y). 

Therefore f is a fuzzy filter of S. 

Corollary 4.22: Let S be a po semigroup. If  f is a fuzzy filter then f ′(= 1 − f) is a prime fuzzy ideal of S if  

f′ ≠ ∅. 

Proof: Let f be a fuzzy filter of S. 

Bycor 4.8 and cor 4.14, f′ is a prime fuzzy ideal of S. 

Corollary 4.23: Let f be a fuzzy subset of a commutative po semigroup S is a filter iff f ′(= 1 − f) is a prime 

fuzzy ideal of S. 

Proof:Let f be a fuzzy filter of commutative po semigroup S. 

By cor 4.22,f′ is a prime fuzzy ideal of S. 

conversely, assume that f′ is a prime fuzzy ideal of S. 

By[6.12,14], f′ is completely prime fuzzy ideal of S. 

By theorem 4.21, f is a fuzzy filter of S. 

Theorem 4.24: Every fuzzy filter f of a po semigroup S is a fuzzy m-system of S. 

Proof: Letf be a fuzzy filter of S. 

By cor 4.22, f′ is a prime fuzzy ideal of S. 

By [6.15, 14]f = (f ′)′is fuzzy m-system of S 

Corollary 4.25: Let S be a po semigroup. If f is a fuzzy filter of S then f ′(= 1 − f) is a completely  

semiprimefuzzy ideal of S. 

Proof: Let f be a fuzzy filter of S. 

By Theorem 4.21, f′ is a completely prime fuzzy ideal of S. 

By Theorem 3.5,f′ is a completely semiprime fuzzy ideal of S. 
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Corollary 4.26: Every fuzzy filter f of a po semigroup S is a fuzzy d-system of S. 

Proof: Suppose that f is a fuzzy filter of a po semigroup S. 

By Cor 4.25,f′ is a completely semiprime fuzzy ideal of S. 

ByTh 3.9, f ′ ′ = f is a fuzzy d-system of S. 

Corollary 4.27: let S be a po semigroup. If f is fuzzy filter of S then f ′(= 1 − f) is a semi prime fuzzy ideal of  

S. 

Proof: Let f be a fuzzy filter of po semigroup S. 

By Th 4.21, f′ is a completely prime fuzzy ideal of S. 

By Th 3.5,f′ is completely semi prime fuzzy ideal of S. 

By Th 3.15, f′ is semiprime fuzzy ideal of S. 

Corollary 4.28:Every fuzzy filter f of a po semigroup S is a po semigroup S is a fuzzy n-system of S. 

Proof: Let f be a fuzzy filter of po semigroup S. 

By Cor 4.27,f′ is  semiprime fuzzy ideal of S. 

By Th 3.20, f ′ ′ = f is a fuzzy n-system of S. 

Definition 4.29: Let S be a po semigroup and f be a fuzzy subset of S. The smallest fuzzy left filter of S  

containing f is called a fuzzy left filter of S generated by 𝐟 and is denoted by < fl >. 

Theorem 4.30: The fuzzy left filter of a po semigroup S generated by f is the intersection of all fuzzy left filters 

of S containing f. 
Proof: Let ∆be the set of all fuzzy left filters of S containing f. 
Since S itself is a fuzzy left filter of S containing f, S ∈ ∆ so ∆≠ ∅ . 

LetF∗ = gg∈∆
∩ , where g is the fuzzy left filter of S containing f. 

since f ⊆ g, ∀g ∈ ∆ ⇒ f ⊆ F∗ ⇒ F∗ ≠ ∅ 

By Th 3.6, F∗ is the fuzzy left filter of S . 

Let K be another fuzzy left filter of S containing f, clearly f ⊆ K and K is the fuzzy left filter of S. 

⇒ K ∈ ∆ ⇒  F∗ ⊆ K. Therefore F∗ is the smallest fuzzy left filter of S containing f. 
Hence F∗ is the fuzzy left filter of S generated byf. 
Definition 4.31: Let S be a po semigroup and f be a fuzzy subset of S. The smallest fuzzy right filter of S  

containing f is called a fuzzy right filter of S generated by 𝐟 and is denoted by < fr >. 

Theorem 4.32: The fuzzy right filter of a po semigroup S generated by f is the intersection of all fuzzy right 

filters of S containing f. 
Proof: Let ∆ be the set of all fuzzy right filters of S containing f. 
Since S itself is a fuzzy right filter of S containing f, S ∈ ∆ so ∆≠ ∅ . 

LetF∗ = gg∈∆
∩ , where g is the fuzzy right filter of S containing f. 

since f ⊆ g, ∀g ∈ ∆ ⇒ f ⊆ F∗ ⇒ F∗ ≠ ∅ 

By Th 3.12, F∗ is the fuzzy right filter of S . 

Let K be another fuzzy right filter of S containing f, clearly f ⊆ K and K is the fuzzy right filter of S. 

⇒ K ∈ ∆ ⇒  F∗ ⊆ K. Therefore F∗ is the smallest fuzzy right filter of S containing f. 
Hence F∗ is the fuzzy right filter of S generated byf. 
Definition 4.33: Let S be a po semigroup and f be a fuzzy subset of S. The smallest fuzzy filter of S containing f  
is called a fuzzy filter of S generated by 𝐟 and is denoted by< 𝑓 >. 

Theorem4.34: The fuzzy filter of a po semigroup S generated by f is the intersection of all fuzzy filters of S 

containing f. 
Proof: Let ∆ be the set of all fuzzy filters of S containing f. 
Since S itself is a fuzzy filter of S containing f, S ∈ ∆ so ∆≠ ∅ . 

LetF∗ = gg∈∆
∩ , where g is the fuzzy filter of S containing f. 

since f ⊆ g, ∀g ∈ ∆ ⇒ f ⊆ F∗ ⇒ F∗ ≠ ∅ 

By Th 4.20, F∗ is the fuzzy filter of S . 

Let K be another fuzzy filter of S containing f, clearly f ⊆ K and K is the fuzzy filter of S. 

⇒ K ∈ ∆ ⇒  F∗ ⊆ K. Therefore F∗ is the smallest fuzzy filter of S containing f. 
Hence F∗ is the fuzzy filter of S generated by f. 
Definition 4.35: Let S be a po semigroup. A subsemigroup A of S is called a Bi-filter of S if  

 a  a ∈ A, a ≤ b ∈ S ⇒ b ∈ A b  a, b, c ∈ S and abc ∈ A ⇒ a ∈ A and c ∈ A. 

Definition 4.36: Let S be a po semigroup. A fuzzy subsemigroup f of S is called fuzzy bi-filter of S if 
 a  x ≤ y then (x) ≤ f(y) b  f(xyz) ≤ f(x) ∧ f(z). 

Theorem 4.37:Let S be a po semigroup and A be a non-empty subset of S. If A is a bi-filter of S iff the  

characteristic function fA  of A is a fuzzy bi-filter of S. 

Proof: Let A be a bi-filter of S. Let x, y ∈ A then ∈ A ⇒  fA xy =  fA (x) ∧ fA (y). 
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If x, y ∉ A then fA xy ≥  fA (x) ∧  fA (y). 

If x ∈ Aand y ∉ A then fA xy ≥ 0 =  fA (x) ∧ fA (y). 

By summarizing all these fA xy ≥  fA (x) ∧  fA (y). 

Let x, y ∈ S such that x ≤ y.  

If x ∈ A then y ∈ A ⇒ fA x = fA (y).If x ∉A then fA x = 0 ≤ fA (y). 

ThereforefA x ≤ fA (y). 

Letx, y, z ∈ S, Ifxyz ∈ A then x ∈ A and z ∈ A ⇒  fA xyz = 1 =  fA (x) ∧  fA (z). 

If xyz ∉ AthenfA xyz = 0 ≤  fA (x) ∧  fA (z). 

ThereforefA xyz ≤  fA (x) ∧ fA (z). 

⇒ fA is fuzzy bi-filter of S. 

Conversely assume that fA is fuzzy bi-filter of S. Let x, y ∈ A ⇒ fA x = 1 andfA y = 1. 

Since  fA xy ≥ fA x ∧ fA y  and fA x ∧ fA y = 1 ⇒ xy ∈ A. 

Let x ∈ A and x ≤ y  then fA x = 1 and fA x ≤ fA y  ⇒ fA y = 1 ⇒ y ∈ A. 

Let x, y, z ∈ S and xyz ∈ A ⇒  fA (xyz) ≥ fA (x) ∧ fA (z) 

                                                   ⇒ 1 ≥ fA x ∧ fA z ⇒ fA x ∧ fA z = 1 ⇒ fA x = 1 and fA z = 1. 

⇒ a ∈ A and c ∈ A ⇒ fA  is fuzzy bi-filter of S. 

Theorem4.38: The non-empty intersection of fuzzy bi-filters of a po semigroup S is also a fuzzy bi-filter of S. 

Proof: Let f, g be two fuzzy bi-filter of S. 

Consider  f ∩ g  xy = f xy ∧ g xy ≥ f x ∧ f y ∧ g x ∧ g y =  f ∩ g  x ∧  f ∩ g  y ⇒  f ∩ g  xy ≥ 

 f ∩ g  x ∧  f ∩ g (y). 

Let x ≤ y ⇒ f x ≤ f y  and g(x) ≤ g(y) since f, g are bi-filters of S. 

consider  f ∩ g  x = f x ∧ g x ≤ f y ∧ g y ≤  f ∩ g (y) 

consider  f ∩ g  xyz = f(xyz) ∧ g(xyz) ≤ f x ∧ f(z) ∧ g(x) ∧ g(z) 

≤  f ∩ g  x ∧  f ∩ g (z) 

⇒ f ∩ g is also fuzzy bi-filter of S. 

Theorem 4.39: The non-empty intersection of family of fuzzy bi-filters of S is also a fuzzy bi-filter of S. 

Proof: Let f1 , f2, …… . fn  be two fuzzy bi-filter of S. 

Consider  f1 ∩ f2 ∩ ……∩ fn  xy = f1 xy ∧ f2 xy ∧ ……∧ fn (xy) 

≥ f1 x ∧ f1 y ∧ f2 x ∧ f2 y ∧ ……… fn x ∧ fn (y) 

    =  f1 ∩ f2 ∩ … . .∩ fn (x) ∧ (f1 ∩ f2 ∩ … . .∩ fn )(y)  

Let x ≤ y  ⇒ f1 x ≤ f1 y , f2 x ≤ f2 y , ……… . , fn x ≤ fn y  

consider  f1 ∩ f2 ∩ …… .∩ fn  x = f1 x ∧ f2 x ∧ …… .∧ fn(x) 

≤ f1 y ∧ f2 y ∧ …… .∧ fn (y) 

=  f1 ∩ f2 ∩ …… .∩ fn  y  

consider   f1 ∩ f2 ∩ …… .∩ fn  xyz = f1 xyz ∧ f2 xyz ∧ …… .∧ fn (xyz) 

≤ f1 x ∧ f1 z ∧ f2 x ∧ f2 z ∧ ……… fn x ∧ fn (z) 

=   f1 ∩ f2 ∩ …… .∩ fn  x ∧  f1 ∩ f2 ∩ …… .∩ fn  z  

⇒ f1 ∩ f2 ∩ …… .∩ fn  is fuzzy bi-filter of S 

 

V. Conclusion 
The purpose of this paper ischaracterize completely semiprime fuzzy ideals,semipeime fuzzy ideals and fuzzy 

filters of po semigroup, establish the relation between fuzzy filter and fuzzy n-system of a po semigroup S. 
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