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Abstract : In this article we introduce and study the notions of ~— “") -lacunary strongly summable, ~— ") -
S S

. A - A -
Cesaro strongly summable, — (") - statistically convergent and ~— (") -lacunary statistically convergent
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I.  Introduction
The concept of interval arithmetic was first suggested by Dwyer [1] in 1951. After developed by Moore
[10 ], Moore and Yang [13 ]. Furthermore several authors have studied various aspects of the theory and
applications of interval numbers in differential equations [13 ], [14 ], [15 ]. The sequence of interval humbers
was first introduced by Chiao [20] and defined usual convergence. Bounded and convergence sequences spaces
of interval numbers were introduced by Sengonul and Eryilmaz [ ] and showed that these spaces are complete
metric space.

A set consisting of closed interval of real numbers X such that @< X<b is called an interval
number. A real interval can also be considered as a set. Denote the set of all real valued closed intervals by [] .

Any member of [] is called closed interval and denoted by ; Thus )_( = {X ell ;asx< b}. In [20], an
interval number is closed subset of real line [J .

Let X, and X, be the first and last points of the interval number X respectively. For X1 , X2 €[] , we
have

;1:)_(2 <:I>X11 :XZ,’Xlr:XZr'
X+ Xe ={Xell i +%, XX, +X, |
ax={xel :ax, <x<ax }if a0

=ixel tax <x<ax if a<0.
: X,

and

Xi.Xa = {x el : min(xﬁ Ko Xy Xy o Xy Xy Xy Xy ) <x< max(x11 Ko Xy Xy o Xy Xy Xy Xy )}
The set of all interval numbers [] is complete metric space under the metric defined by —

d (>_<§/) = max{‘xL — X, Hx1 — X, ‘} (see [18]) .
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Let us consider the transformation f :00 —[ by k— f (k)=)_( where X = ()_(k )which is

known as sequence of interval numbers. Xk denotes the k™ term of the sequence X = (Xk ) The set of all

sequences of interval numbers is denoted by w' can be found in [181].

I1.  Definitions and Main Results
Let X be a linear metric space. A function p : X — Riis called paranorm if —

(1) p(x)=0 forall xe X

2) p(=x)=p(x) forall xe X

B) p(x+y)<p(xX)+ p(y) forall x,y e X

4) If (ﬂh ) be a sequence of scalars such that 4, — 0as N = © g (Xn) be a sequence of vectors with

P(X, —=X) >0 as N —> 0 then P(4,X, —AX) >0asn— oo

A paranorm p for which p(X) =0 = x =0 is called total paranorm and the pair (X, p)is called a total
paranormed space.

Let ¢ = (¢n )n be a sequence of Young functions i.e. @, :[]" —[1" is an increasing and convex function

such that ¢, (X) =0 for Xx>0and ¢, (O) = 0. The Musielak-Orlicz sequence space /¢ is given by —

= {x =(x, )n :Z¢n (ﬂ,|xn|) < oo, A > 0} This becomes Banach space under the
n

norm(Luxemburg)

X, =inf{n>0:2¢n(|x”|]sl,n>O}

n

Let ¢ = (@ ) be the sequence of Young functions. The space consisting of all those sequences >_( = ()_(k )

in W' such that
4t
pu
¢| —— | >0 as k —>oofor some 7 >0 is known as class of entire sequences of interval numbers
n

defined by sequence of Young functions and is denoted by 1:¢. The space consisting of all those sequences
_ 1
_ _ ) ‘Xk ‘k
X= (Xk) in W' such that Sup| ¢| —— | | < oo for some 7 > 0 is known as class of analytic sequences of
k n

interval numbers defined by sequence of Young functions and is denoted by K¢ .

Lemma 2.1: Let (o) and (By) be sequences of real or complex numbers and (py) be a bounded sequence of
positive real numbers, then
loge + By [Pk < D(loy [P + By [Px)
and [A]Px < max(1, |AIH)
where D =max(1, |A|""1),H = suppy , Ais any real or complex number.
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Lemma 2.2: If d is translation invariant then
(a) d(Xk + yk,O)Sd(xk,0)+d(yk,O)
(0) d(axc,0)<|a|d(xc,0) lal>1
Let X= ()_(k) be sequence of interval numbers, P =( pk)be sequence of strictly positive integers,
A:(ank) be non negative regular matrix and ¢ = (ﬂ()be a sequence of Young functions, we define the
following classes of sequences of interval numbers as follows:
p
il
Fo(Ap)=1x=(x):im>a, d| g| — =0/ =0

o

,0 < 0

Ay (A p)= >_<=(>_<k):sgp >a,ld| ¢

for some 77 > 0. We can specialize these spaces as follows:

(@ 1f A=1, the unit matrix then —

Py

As(1,p) = iz(ik)'sup d| ¢ MO pk <o
s (1, s ot

) ) | ‘)_(k‘% P
T(Ap)= x:(xk):lgnzk“ank d| = 0| =0
X )
A(Ap)= Q:(ik):sup D ay|d ,0 < o0
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p

T e e
Ay (P)= x=(xk):sup =N |d| ¢ ,0 <o
no| NG
The space T is defined as follows ;
B I A
F=<x=(X):lim=)>» ——=0¢f >0.
( k) 'Hwnkz_l: " or some 7

I1l.  Main Results
Theorem 3.1: If d is translation invariant then the class of sequence 14 ( p) is closed under addition and
scalar multiplication of interval numbers.

Proof: Let )_(z()_(k)el:¢(p) and §=(§k)ef¢(p)
In order to prove the result, we need to find some 7, > 0 such that

p

‘(aik + b)_(k)%

> 2ld|g

k= N 73

,0 -0 as k—>ow

Since X = (Xk)e 1:¢ ( p) and )_/: ()_/k ) € l:¢ ( p) , there exists some 77, > 0 and 77, > 0 such that -

p

- %
n 1 ‘Xk‘
Z—d i/ ,0 —>0 as k> o0 and
k= N i

- P
Zl d| ¢ ﬂ,o —0 as k>,
k= N 7,

Since ¢ is non-decreasing, we have

_ _ p _ _ % p
n 1 ‘(axk +byk) “ n 1 ‘(an) ‘(byk)
Z‘ﬁ a9 s ° <k§‘ﬁ a9 n o
[ . v N
n g |a|}/k Xk b ‘yk‘
Séﬁ e
: Howre BN
" q Jal x| [bl]y, |
SkZ:;‘H a4 e " 7, °
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Take 77, such that

1 111
s |a|p 771,|b|p 7,
Then,
(a5 +b3 ” [ o
n 1 (an +byk) X n 1 ‘)_(k‘ K ‘)_/k‘ k
~ld ,0 <) Zid ,0
kzzlln / 7, kZ:l:n ¢ T " 7,
-x N - N
SRR SN
<y Zid ,0 d ,0
;n ¢ 771 k:ln ¢ 772
N 4 P
n axk +b
Hence Zl d| ¢ ‘( k yk) ,0 —>0a k—>oo.
k=1 N 75

So a;(k + b)_(k S f‘¢ ( p) . This completes the proof.
Theorem 3.2. The class of sequence l:¢ ( p) is a complete metric space under the metric "h" defined by —
P
‘Xk yk ‘y
-0
n

h(x y)—sup Zd

Proof. Let {X( ) } be Cauchy sequence in 1:¢ ( p) .
Then for any given & > 0 there exists a positive integer N, such that

h()_((i),y(j))<g forall i, j>n,.

Therefore
P
i)~k
18 Xk =Yy o —(i)
sup —Zd @ ,0 <¢ forall 1, ]=n.Consequently {Xk } is a Cauchy
n| NG n

(i
sequence in the metric space of interval numbers which is complete and so Xk) - Xk as 1 — oo,

Once can find that -
p

i H
Xi) —Xk ‘

—Zd | ———— <g, 1z2n.

N\

Now,
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p

b
™ 19
Zd O] <1=>d| ¢

n'= n N\ n n\=

p p
ik _
Xk-X&nl) ‘ nl%

<&+0as n— oo,
p

5 \y

Thus Z d <&
and so (;(k)ef¢(p).
Hence I:¢ ( p) is a complete metric space. This completes the proof.

Theorem 3.3. Let ; = (ik) be sequence of interval numbers. The sequence class l:¢ (A, p) is complete

w.r.t the topology generated by the paranorm h defined by —

Where M = max {1 sup[ P j}
M

Proof. Obviously h(¢9) =0and h(—)_() =h ()_() It can also be easily seen that
h ()_( + 9) <h ()_() +h (9) as d is translation invariant.

Now for any scalar A, we have |/1|p%" < max (1,sup|ﬂ|), so that

h(/l)_() < max(l,sup|/1|), A fixed implies AX —> 6. Nowlet A -0, X fixed for Sup|2,| <1, we have

1
P \m
e o[
Zank d| ¢g| — < ¢ forsome N >N(¢).
-1 n
kS
P \M
o LEE
Also for 1<n<N and Zank d| ¢| —,0 <& there exists m such that
N
P \M
‘EXK‘%
, <&

n
> a,|d
k=m

Taking A small enough, we then find
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1
-y P \M
Zn:a dl 4 ‘iXk‘k
~ nk

.0 < 2¢ forall k.

Hence h(/l)_() —>0 as 1 —0.Sohisaparanormon [y (A, p) :

—()
To show the completeness, let {X

} be Cauchy sequence in Iy (A p).
Then for given & > Qthere exists positive integer r such that —

1
P \Mm
- ik
Xk_Xk
Zank d| ¢| —,0 <gforall j>ooi, j>r.
n
Since d is translation invariant, so
1
P \M
- -k
Xk_xk
Zank d| g| —,0 <g forall 1, j>r.andeachn.
n
Hence
- -k
Xk _Xk
dl g| ——,0|||<é& forall i, j=>r.
n

()
Therefore {X

} is a Cauchy sequence in the metric space of interval numbers which is complete and hence
=) - .
X —>Xas ] —>x©

Keeping I, > I and letting j — oo, once can find that —

i = K

X, — Xk

> ay|d| g —,0
n

<¢g forall ry,=>r.

Since d is translation invariant, therefore

. 3 % 1Pk }{/'
X, — Xk
Zank dl ¢g| ———,0

<&
n

ie X — Xin 1:¢ (A, p). It can be easily seen that X e 1:¢ (A, p)
Thus 1:¢ (A, p) is complete. This completes the proof.
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Theorem 3.4. 1f 0 <inf p, < p, <1 ,then T (A p) Ty (A).

Proof. Let )_(:()_(k)61:¢(A, p).Since 0<inf p, < p, <1, the result follows from the following

inequality

‘Xk‘}/ Pk
—— 0] a,|d
k

Theorem 3.5. 1f 1< p, <sup p, <o , then l:¢(A) Cl:¢(A, p)..

Proof. X = ()_(k ) € 1:¢ (A).Sincel < P, <suUp p, <o then for each

0 < &€ < 1 there exist a positive integer n, such that

e
;ank

<g <1 forsome N =n,.

The result follows from the following inequality

P
_‘% K

‘Xk

o

Zank d ¢

k

<> ay
k

Theorem 3.6. Suppose )_( (X ) is strongly A(v n -lacunary strongly summable to X,. Then
lim — d( Xk,)_(o):O.
p—)oc I; (V I')

Now the result follows from the foIIowmg inequality:

Zd< v, r)xk,xO)>gcard{k <n:d(Ag, r)Xk,)_(O) 25}

Theorem 3.7. If a sequence >_( ( )of interval numbers isA’, . -bounded and A} statistically

(v,r) (v,r) ~

convergent, then itis A7, ., - Cesaro strongly summable.

v.r)
Proof. Suppose X = ( )IS A(V ry -bounded and A(V n - Statistically convergent to Xo. Since X :(g) is

A?VV,) -bounded, we can find a interval number M such that

d(A; Xk,)_(o) <M forallke N

(v.r)
Again since X = (Xk ) is A(V n- statistically convergent to Xo, for every € >0
I|m card{k <n:d(Ag, r)Xk,)_(o) > g} =0,
n

Now the result follows from the following inequality

= Z d( (Vr)Xk,XO)

n 1<k<n
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1 s — - 1 . - -
" Z d(A(v,r) Xk’X0)+ - Z d(A(v,r) Xk,Xo)
I<ksn I<ksn
d (A, ry Xk ,X0)2€ d(Afy, ry X, Xo)<e

SMcard{k <n:d(A;, r))_(k,)_(o) 25} +e
n ,

Theorem 3.8. Let 0 be a lacunary sequence. Then if a sequence X = (g) is A?\”) -bounded and A?V'r) -

lacunary statistically convergent, then it is A?V'r) - lacunary strongly summable.

Proof. Proof follows by similar arguments as applied to prove above Theorem.

Theorem 3.9. Let 6 be a lacunary sequence and X = (X_k) be A?V’r) -bounded. Then X is A?\”) - lacunary

statistically convergent if and only if it is Af\”) - lacunary strongly summable.
Proof. Proof follows by combining the Theorems 3.1 and 3.3.

i3
p

Theorem 3.10. If a sequence X = (g) is Af\”) - statistically convergent and lim inf, > 0 then it is

A?v',) -lacunary statistically convergent.
Proof. Assume the given conditions. For a given & > 0, we have
. s v v . S v v
{kel, 1d(ag, X, x) 2 ef < {k<n:d(A},,) X, %) > &

Hence the proof follows from the following inequality:

1 - - 1 - -
—card{k < p:d(A}, Xk, Xo) = gr>=—card{k e | | 1d(A, , Xk, X0) > €
p { (v.r) } p { p (v,r) }

h 1 - =
=L ~cardlk el :d(AS X, Xo)>
p hp { < p ( (v.r) 7K 0) 8}
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