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On Certain Special Finsler Spaces of Dimension Five
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Abstract: L. Berwald [1-3] developed the theory of two dimensional Finsler spaces using a special
orthonormal frame. His study was based on two scalars | and R, which were scalar components of the torsion
tensor and the curvature tensor with respect to orthonormal frame. A. Moor [4] developed the theory of three
dimensional Finsler spaces using a special orthonormal frame whose first vector was the normalized supporting
element and the second vector was the normalized torsion tensor. He found three main scalars which are
regarded as a generalization of Berwald main scalar 1. Makoto Matsumoto [5] also studied three dimensional
Finsler spaces using Moor's orthonormal frame. He obtained some results for certain Finsler spaces. T. N.
Pandey and D. K. Diwedi [6] extended this idea to four dimensional Finsler spaces. P. N. Pandey and M. K.
Gupta [7] discussed certain special Finsler spaces of dimension four and obtained some results for such spaces.
Gauree Shankar, G. C. Chaubey and Vinay Pandey [8] discussed five dimensional Finsler space on the basis of
Miron frame and find some interesting results. In this paper, we have discussed certain special Finsler spaces of
dimension five and obtained some results for such spaces.
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I. Introduction

Consider a five-dimensional Finsler space F° with the fundamental function L(x,y), Gauree

Shankar, G. C. Chaubey and Vinay Pandey [8] have constructed the orthonormal frame on the basis of Moor’s
frame. In this frame an arbitrary tensor is expressed in terms of scalar components as follows:

i i
Tio = Tapy €008 €5 (1.1)
I', e;;=m', e; =n', e, =p' and e, =q' and the summation convension is applied to

where e, =

Greek indices also.
The scalar components T, are given by

i j k
T =T'e ele
4 jk

ap a)i”p)Ty)"
1 . . . . i
Let H,,, and —V_ respectively be scalar components of the h—and v—covariant derivatives €. and
L
e, |, ofthevector e, ,ie.,
€ = Hayp €58y (1.2)
and
Leyy [i=Vays €0 80 (1.3)

The orthogonality of Miron frame yields

Hy, =0, H oy = ~Hopay s

Viyg, =64, =140, Varsr = Ve

We now define Finsler vector fields:
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H z)we/})i = hi = hﬁeﬁ)i
H 2)458 )i = J = ‘]ﬂeﬂ)i
H =k = .
weaan = Ko = Ky (L)
Hogyappyi = i = hyey,
Ho)sppyi = Jiv = ‘]/;fe/f)i
H yspy = kiv = kfﬁ)i
and
Vo, &) = Uy = U,\€ ),
V2)4ye;/)| =V, = Vy)ey)'
\% e .. =Ww =
2)57 7y)i W" W,”e'/)' (1.5)
Vaye, 8, = Uy = U8,
VS)Syey)i = Vi’ = V;)ey)i
VA)S;/ey)i = Wi’ = W;)ey)i'

Definition : The Finsler vector fields (h,,J,,k,,h,’,J,",k,”) and (u,,v,,w ,u,’,v,’,w, ) are called h—and
v—connection vectors respectively.

The skew symmetric matrices H ,,, and Vv forfixed y are given by
0 0 0 0 0
0 0 h J k
s e e
H a)pr 0 _hr 0 hy Jy
0 -J  -h 0 k.
v s v
0 -k -3 -k 0
/4 s /4
and
0 52/ 53y 54}/ 55;/
-9J, 0 u v w
4 Y r 4
Va)ﬁ/ = _537 _ur 0 U/ Vy
-d, v, -u 0 w
r Y 4 2
-d, -w -V -w
4 7 4 4

Taking h—covariant derivative of (1.1), we get

i
T = (00T 08008 580 T T €€y i€ + Tap, a8y in®,
. (1.6)
T e e e
T s €€ i€ e
i
LetT,, , bescalar componentsof T, then
i i
Tin = Tapr 6 €080 i€k (L.7)
Then we obtain
h
Taﬂ%r" = (5hTa57 )eé) + T#ﬂr H H)asd + Ta/t:f H H)BS + Ta/fﬂ H u)ys " (18)

1. Main Scalars of a Five Dimensional Finsler Space
Matsumoto [5] have shown that if C_, are the scalar components of LC,, with respect to the Miron frame,

then

Br
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(i)
(i)

(i) ¢,,, = LC , C,,, = C

C,,, are completely symmetric,

Ciy =0,

...=C, =0 for n >3 where Cis the length of C ' .

4 pupu - nup

Therefore in five dimensional Finsler space, we have

Thus putting

we have,

Cc

Ciy, =0,
C +C +C +C =LC,
222 233 244 255 @.1)
Cupp+Clss +Cuyy +C s = 0,
Copy #Coyy +Cyyy + Ciy = 0.
Cpp=H, Cos =1, C,. =K, Cres = M,
Cipp = J, Cos=19 Cua=H, Cus =1,
C,u =K, Cous = J Cus =M, Ces = H (2.2)
Cus =1, Cus =K, Cos = N, C,s =N,
C,.=M"

—(I 43 43"), Chy=-(H'+1"+M"), Cpho=-(H"+1"+M").

22

Definition. The seventeen scalars H,1,J, K, H’, 1", 3", K", H", 1", J", K", M, M’', M'", N,N"’ are
called the main scalars of a five-dimensional Finsler space.

ifc,,

where

c

aBy .o

The explicit form of C

(@)

(b)

(©)

(d)

(€)

(f
()]

(h)

I11. Certain Theorems

, be the scalar components of LC , , then from (1.7), we have

LC =C e ..e. e .e 3.1

hijlk afy.s “a)h " B)iTy)j o)k

N (5kc"ﬁ7)e;> +C oM e ¥ Cuu Hoyps + Cop (3.2)
4,5 IS 0btained as follows:
C, =0,
Copy=H, +3(0+J3 +3I)h +3(H +1 +M)I +3(H +1 +K )k,
Couy=-(3+3 +37) ,+(H -21)h, - 2K I, - 2Nk,
+(H + 1 +MO)h, +(H +1 +M I,
Cous=-(H +1 +M ) —2K h +(H -2K)J, - 2N k,
~(IH+I I (H +17+ K Dk,
Coep=—(H +1 4K —2Nh —2N'J, +(H - 2M )k,
~(J+J3 +I I, - (H +1 +M )k,
Copy=1,-(B83+2) +23)h, —1J, -1k, —2NJ - 2K h,,
Cruy =K, =21 +H +MOh, - (23 +3+37)3,-M 'k,
~(K = 1)h, = N'J, - Nk,
Cohss =N, — (21 +H +K)Hh, =M I, - (I +3 +23 )k,
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-N'h, (M - 1)J, + K k,,

(i) paesy =K, =3'h —(BH +21 +2M ), +2Kh, - K k, - 2N k,,
) Coss =N, ;=M h —(H +1 +2K )J +Nh —(H +1 +2M )k,
+K I+ (K = M)k,
(k) Crss =M, —37h, =M J, —(BH +21 +2K )k, +2NJ + 2N k,,
() Cypsy =J ,+3(Ihy, = 1'h —173)), (33)
(m) Cuppy=l,+2K h + 10, + (I =23 )h —2M J -1 k,
(n) Cypsy =1 ,+2Nh —2M "h + (3 -23)J, + 1k, + | kg,
(0) Capay=J,+Kh +2K'J —(H -21)h K J -2M ki,
(p) Coss =M, + N'h + NI, + (I =K )h + Kk, +(I =M)I + (3 -3k,
(@ Cysy =J,+Mh, =M h +2Nk, —(H -21)J,+2M k,,
(r Couns =H , +3(KJ, +3'h, —K k),
(s) Cuss =K, +2NJ +2M 'h + Kk, + 33, +(H —-2M )k,
(t) Cuss =M ,+MJI, +J3 h +2N k, +2M J —(H -2K )k,
(u) Cuess = H , +3(Mk, + 373, +M k).
Adding (3.3)(c), (3.3)(1), (3.3)(0), (3.3)(q) and using (2.1), we get
CrrsstCasaystCais+Cusy =LCh. (3.4)
Adding (3.3)(d), (3.3)(m), (3.3)(r), (3.3)(t) and using (2.1), we get
CirrastCasys+tClus tCussys=LCI,. (3.5)
Adding (3.3)(e), (3.3)(n), (3.3)(s), (3.3)(u) and using (2.1), we get
Ciross tCusss t Cuuss t Cogs s = LCKy. (3.6)
Adding (3.3)(b), (3.3)(f), (3.3)(i), (3.3)(k) and using (2.1), we get
Crros 7 Chis T CoiustChiss=H +1,+K +M =(H+1+K+M) =(LC),. 3.7)
Definition. A Berwald space is characterized by C, .. = 0, which is given by in terms of scalar C ,, . = 0.

For a Berwald space, from (3.4), we have h, = 0, from (3.5), we have J, = 0 and from (3.6), we have

k, =0 andsofrom(3.3b) H ; = 0.
Theorem 3.1. A non-Riemannian Berwald space of dimension 5 is characterized by the fact that the three
components h, J, and k, of the h—connection vector vanish and the main scalar H is h—covariant constant.

Theorem 3.2. In a non-Riemannian Berwald space of dimension 5, the unified main scalar LC is h—covariant
constant.
Definition. A Landsberg space is characterized by

Chip =0 and Crie = Chiyyr (3.8)
i.e.,intermsofscalarsCc,, =0 adC,, ,=C . .
For a Landsberg space, from (3.4), (3.5) and (3.6), we get, h, =0, J, =0,k =0 andso H , = 0.
Also from (3.4), we have
LCh,=C,,,,+C,,+Cu,, +Cyuys,
=C 031 Chs+Clus+Cois
=(LC), from (3.7)
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(LC)
hence, h, = —=.
LC

From (3.5), we have
LCJ,=C +C +C +C

422,2 433,2 4442 455,2

=C + C +C + C

222.,4 233,4 244 .4 255,4
=(LC), from (3.7)

(LC)
hence, Jj, = —=.
LC

Also from (3.5), we have
LCJ,=C +C +C +C

3 224,2 334,3 4443 455,3

=C +C +C +C

223,4 333,4 344.,4 355,4

(LC)h, from (3.4)

hence, J, =h,.
Also from (3.4), we have

LCh,=C +C +C +C

5 223,5 333,5 344.5 355,5

=C +C +C +C

2253 335,3 445,3 555,3
= (LC)k, from (3.6)

hence, h, = k,.
From (3.6), we have
LCk,=C +C +C +C

225,2 335,2 445,2 555,2

=C +C +C +C

222.,5 233,65 2445 255,5
=(LC), from (3.7)
(LC),

LC
From (3.6), we have

hence, k, =

LCk,=C +C +C + Cyys

225,4 335,4 4454 4

=C +C +C +C

224.,5 334,5 444.5 455.,5

=LCJ, from (3.5)

hence, k, = J
Thus, we have

5 "

Theorem 3.3. In a non-Riemannian Landsberg space of dimension 5 the components of h— connection vectors
are given by

(LC), (LC), (LC),
h,=1J,=k =0, , = ———, J, = ——, k, = ———,
LC LC LC
J,=nh,, k,=J,, h, = k,.
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