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l. Introduction

The EOQ model is widely used by practitioners as a decision-making tool for the control of inventory. The
traditional EOQ model assumes that the retailer must be paid for the items as soon as the items are received.
However, in practice the supplier will offer the retailer a delay period, which is trade credit period, in paying for
the amount of purchasing cost. Before the end of trade credit period, the retailer can sell the goods and
accumulate revenue and earn interest. A higher interest is charged if the payment is not settled by the end of
trade credit period.

In most of the literature dealing with inventory problems, either in deterministic or probabilistic model, it is
often assumed that the deterioration starts at once as the items are produced or purchased. But in most of the
inventory systems this is not really true. It has been observed that deterioration starts after a certain period called
life time of the item. This life time differs from item to item.

In today’s business transaction it is more and more common to see that the purchases are allowed a fixed time
period before they settle the account with the supplier. This provides an advantage to the purchaser, due to the
fact that they do not have to pay the supplier immediately after receiving the items but instead can defer their
payment until the end of the allowed period. Thus paying later indirectly reduces the purchases cost of the items.
On the other hand the permissible delay in payments produces benefit to the supplier such as it should attract
new purchasers who consider it to be a type of price reduction.

Analysis of inventory of goods whose utility does not remain constant over time has involved a number of
different concepts of deterioration. Maintenance of such inventory is a problem of major concern to a manager
of
modern business organization. The quality of stocks maintained by an organization depends very heavily on the
time that inventory spend in the warehouse. Deterioration in the stocked inventory has been extensively studied
by many researchers. Ghare and Schrader (1963) were amongst the first authors to have addressed the
problem of deteriorating inventory. Aggarwal (1978) presented an order level inventory model with an
exponentially decaying inventory. The model presented by Dave and Patel (1981) had a time dependent
demand for an inventory with constant deterioration. Later, Hariga (1995), Bhunia and Maiti (1999), Liao et.
al. (2000), Teng et. al (2005) and more recently Yang (2006). All have deliberated the effects of constant
deterioration on inventory. But constant deterioration is that concept which can not justify under many
circumstances. In fact deterioration depends upon a lot of factors.

Goyal (1985) discussed permissible delay situation in his paper. Mandal and Phaujdar (1989)
extended Goyal to incorporate shortages and considered the interest earned from sale revenues. Later,
Aggarwal and Jaggi (1995) extended Goyal for decaying items. Jamal et. al. (1997) enriched this study by
considering shortages in the cycle. Liao et. al. (2000) studied permissible delay under inflation. Chung and
Liao (2004) extended the concept of credit limit by linking it with ordering quantity. Chang (2004) has further
explored this region by incorporating the effects of inflation on the former paper .

In this paper an inventory model is developed in which demand is exponentially decreasing with time.
Deterioration is taken non instantaneous. Realistic situation of permissible delay is also taken in consideration.
Three different cases have been discussed for different situations. Expressions are obtained for total optimal cost
in different situations. Three different algorithms are given to obtain the optimal solution. Cost minimization
technique is applied to solve the model. The following notations and assumptions are applied in the model.

I. Notations
C : Ordering cost of inventory per order.
C; : Holding cost excluding interest charge per unit per unit time.
C, : Shortage cost per unit per unit time.
Cs : Unit purchase cost.
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Ir : Interest paid per rupee invested in stocks per year Ir > le.

le : Interest which can be earned per rupee per year.

q(t) : Inventory level at time t.

M : Permissible delay period for settling accounts in time 0<M<1.

9. t;: Time at which shortages starts.

10. T : Length of replenishment cycle.

11. p: Life period of item at the end of which deterioration starts.

12. Q : Total amount of inventory produced or purchased at the beginning of each production cycle.
13. S(S<Q) : Initial amount of inventory after fulfilling back orders.

14. TC(t1,T) : The total average cost of the inventory system per unit time.

15. TCy4)(t1,T) : The total average cost of the inventory system per unit time for M <t; and M < p.
16. TCy)(ty, T) : The total average cost of the inventory system for M <t; and M > p.

17. TC,(t;,T) : The total average cost of the inventory system per unit time for M>t;,

NGO

1. Assumptions

1. The inventory system consists of single item only.
2. There is no repair or replacement of the deteriorated unit.
3. The replenishment occurs instantaneously at an infinite rate.
4. When produced or purchased items arrive in stock they are fresh and new. They begin to deteriorate after a
fixed time interval p .

The deterioration function 6(t) is taken in the following form-

61 =apt™ H(t-p) (0<a<<l),

opB=>21tpu>0
And H (t -p) is heaviside function defined

(1, t >
H(t—p)= "
LO. t<

5. Demand rate is known and increases exponentially at time t.

- bt

D(t)= ae a0

Here a is the initial demand and b is a constant governing the increasing rate of demand.
6. During the fixed credit period M the unit cost of generated sales revenue is deposited in an interest bearing
account. The difference between sales price and unit cost is retained by the system to meet the day to day
expenses of the system. At the end of the credit period account to settled. Then interest is again earned during
the period (M, t;). If M <t, interest charges are paid on the stock held beyond the permissible period.
7. Shortages are allowed and they are fully backlogged.

IV. Mathematical Model And Formulation Of The System

Here Q is the total amount of inventory produced or purchased at the beginning of each production
cycle. Also S( <Q) is the initial inventory after fulfilling back orders. During the period [ u, t;] the inventory
level decreases due to the market demand only. After this during the period
[u, t1] the inventory level further decreases due to the combined effect of market demand and deterioration. At
time t; the inventory level falls to zero and shortages starts. Demand is backlogged in the interval [ t;, T ] . At
time T, amount S of inventory is left for the next replenishment cycle.

The differential equations showing variations of inventory level during the period [0, T] are as follows

d t

L:_ae*b‘, oOo=t=pn . (1)
dt

d g (t _

¥—|— 0, ag(t) = —a e bt U=t =<t (2
dt

dqg (t _

#:_aebt t,=t=T L. 3)
dt
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Boundary conditions are
ata t=0, q(t)=s
a t=un q(t)=a(w)
a t=t, q(t)=0

Solution of equation (6.1) using boundary conditionat t = 0, ¢ (t) =3

is given by-
a —-b
Cl(t)ZS—E(l_e t) 0 =t=p )
Alsoat t = p  equation (6.4) itreducesto—
a _
Q(M)ZS—;(l_e b“) e (3)

Solution of equation (2) using boundary conditionat t=41 ,q (t) =q (H) one can get-

0,t a [e(—b+60)p_e(—b+eo)t]

[ a 1 o,
(_b+90) +LS__(l+bM)Je

b

Using boundary conditionat t =1t; ,q (tl ) =0 from equation (6.6) the value of S is given by-

a —b + —b + - a
— [el P rfoln _glrPr0o)t]g 0 Z (14 pp)
(-b+06,) b
)
Now substituting the wvalue of S from equation (7) in equation (6) one can get-
a _ 4 _ _
q(t) = [e Par0oltimt)_ g bt] p<t<t,
(-b+0,)
.......... ®)
Solution of equation (3) is given by
a —bt, — bt
q(t):—;[e — € ] t,<t=<T (9)

Total amount of holding units (q H ) during the period (0, tl) is—

A =I:Q(t)dt +j:lq(t)dt

:rSp+iu—i(eb“—l) + 2
AT |7 o+ 05)

[ o Pta o Pta eb+90(tl—u) o b )
|- —+ — -
|_ 0, b 0, b J
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Substituting the value of S from (u), we have

[ _
qH =|a—H[e(b+60)tl_e(b+60)u]e 90“—a—u(1—bu)+iu
L(b+60) b
SN . |‘ebt1 L eb+90(tl—p) eb“—|
i (e —1) + | + + - |
b J (b+eO)L—60 b 0, bJ
a —ba+ _ a _
— H [ebe(’(tl W _ e ”]+au — 2(e b“—l)
(-b+0,) b
a |’e—bt1 e—btl e—b+90(t1—p) e—bu‘l
+ — + +
(—b+90)|L—90 b eo b J ...... (10)
Total amount of deteriorated units (CID) during the period (0, tl) is
t
OIDZOI(u)—_[ "ae °' dt
[0
a a t
=3+—(1—eb“)——[e'“t]u1
b b
a - b+ -b+ - a P -
— [e( b eo)tl_e( b eo)H]e 90H+_[e bt —e bP]
(-b+0,) b

Amount of shortage units (q S ) during the period (tl y T ) is given by
"a(t) d
Qs = — q(t) at
s I..

= —[—%ebtl(T— t1)+%(e_bT —ebtl)J

Now there are two possibilities regarding the period M of permissible delay in payments.

.(12)

casEl M =t
CASE Il M = t,
CASE 1: M = t

The case (1) is further divided into two sub cases i.e. case I(a) and case I(b)

CASE I M = npn = t,

CASE Ia) M = M = t,

CASE I(a) :

Since here the length of period with positive inventory stock is larger than the credit period M, the
buyer can use sale revenue to earn the interest with an annual rate le during the period [0, M]. The unit cost of
the generated sales revenue is deposited in an interest bearing account. The difference between sales price and
unit cost is retained by the system to meet the day to day expenses of the system. At the end of the credit period,
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the account is settled. After setting the account at time M again the unit cost of generated sales revenue is
deposited in an interest bearing account to earn interest with an annual rate le during the period [M, t;]. Beyond
the fixed credit period product still in stock is assumed to be financed with an annual rate Ir.

Now the total interest earned 1E 1(a ) during the period [0, t, ] is given by-

[ E—

M t
'E 1@ :Cs'e[fo (M~ t)ae dt+ [ “(t;— t)ae *'dt

[ bt M bt t, |

=C3Ie| * (M—t+£] +ae (tl—t+iw |

|L b b ) b b MJ

[ .. bM bt, bM ]

=C3Ie|ae2 —E(M+£)+aez _E (tl—M+£W|

| b b b)) b b b )|

r bt , 1 bM —|
—CgJaez +1(M——A+ae (t,— M)

b b { b ) b |

Total interest payable IP, is given by

tl
IP;s = Cal, qu(t) dt

_ Cslrl_ a(u— M ){e—b+00(t1—u)_ e—bu}_'_ a(u_ M )u
| (—b+06,)

B ba (e—bu_ o oM )

a

" Chro,)

]

%f 1 (e_btl_efbtlJrBo(tlfp)) +i(e—bt1_ebp)%|
L — 6, b

Therefore total average cost in this case is

TC 1y (t;. T) =

-
C c. [ a b+ _ _
_ = 1| u e "® 0,( t, p)_e bu}
T T |(-b+6,)
a a [e ™2 e M
+ap’— 2(e_b“—l + J +
(—b+6,) -6, b
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e—b+60(t1*H) ebuﬂ C3|_ a eog(ton) b
+— [+ — {e - u}
0, b JJ T |_(— b+ 90)
1
C,[ a "
2 (5 —bta —bp I+ L—e bl(tl_T)+
+ (e — € ) T -
b |
L - N C3|rra(H_M) b+ 0,(t,—pn) —bu
—b(e ) * T (- b+ 60){ ° }
a —bpn — bM a
+ap(p— M )— e — € -
( ) 2 ( ) (-b+0,)
( 1 —bt, + t, - 1 1—|
_(efbt bt ; 90( 1 ”))+_(e*bt1_e_b”)}|
Leo b JJ
_Cs'elraezl +E(M_iW+L(t1—M)1| ee(15)
T | b b { b ) b

To minimize the total average cost per unit time TCy (3, T) the

optimal values of t; and T (say t;* and T*) can be obtained by solving the following two equations
simultaneously-

dTC 1 (t,,T)

=0
ot, (16)
and
dTC 1 (t,,T)
=0 (17)
oT

Provided they satisfy the sufficient conditions-

2

= > 0
oty ’

2
07 TC j(u (t,,T)

> > 0
oT
and

[(02TC 4 1.1 [ 07 TC 1 1. ) (87 TC 4 (tl,T))2

ek T e T e )
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Equations (6.16) and (6.17) are equivalent to

c. I a a ([—pbe "™
1| H { eo e—b+90(tl—u)}+ % +e—b t1+
T|(-b+6,) (-b+06,)| -6,
e_b+9°(tl_“)]—| c.l a b+0,( t,—n) bt |
- %|+ 3| eoe_+o 1_H_ae*1|
0, J| T | (—b+6,) |
c.l a b _ _ 1 c _
> 0,e " Poltimi) _ g P | + —z[ae (=t + T)]
T |_(— b+6,) ] T
C3Irira(M_M) 7b+90(t17p)e a
T [(-b+o,) " (-b+0,)
Jie—bt_(_b"‘eo) bty 0 (o) —btll—i
LGO 0, JJ
c,0,lae™ ™ ae ™ |
- T | b N b |
L — N
...... (18)
and
[ [
— 12 |C + C, ap e Pl ltimm) o ”}+ ap
T | | (—b+06,)
( —bt, b, _-b+ o (t,-n) —bu]—|
T ML
b2 (-b+6,) -6, b 0, b ]
r —b + t,— n
+C3| a { b eo( 1 )_ —bu}+_( — bt e—bp_)—l
| (—b+6,)
a _ [a(u—M
+C2r_e—btl(tl_T)__( 7bT_e btl) —|—C3|r| (l"’ )
L_ b |_(_ b+00)
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b0, (t,-n)  _py a [ b om a
e - e +ap(lp-M)——I(e "—e —
{ oan(u—m)- e
( 1 ~ bt —bt,+ 0,(t,—pn) 1 bt b ]—l raefbtl
e L D P CRE S I E R
L9 b N L b
|

— bM | Cz riebtl+ie_bM—|
+i(M_iW+ae—(tl—M)|+T|¥b b J
b L b ) b |

ween(19)

To get the optimal value of t; and T which minimizes total cost  TCyq (t;, T) one need to

develop the following algorithm to find the optimal  (ty, T)
ALGORITHM 1(a):
STEP 1- Perform (1) ---=> (IV)
() Startwith t;=M
(I1)  Substitute t;;) inequation (6.18) to obtain Ty
(1) Using Ty determines t from equation (19)
(IV) Repeat (1) and (I11) until no change occurs in the value of t; and T.
STEP 2-Tocompare t; and M
(M 1 M<t, tp isfeasible than go to step (3).
a 1 M<tp, t; isnotfeasible set t; = M and evaluate the corresponding values of T from
equation (19) and then go to the step (3).
STEP 3-Calculate the corresponding total cost.
TCi (™, T*)

CASEIl(b): M>p and M <
This case is similar to case I(a). Butas M>p  the interest earned during  1Ey [0, t;] is given
by.

M t, _
'El(b)ch'e[jO (M — t)ae b‘+jM (t,— t)ae " gt |

|

[ae ™ a 1 ae h
= C3|e| —2+_(M—_1+—(t1_ M)|
b b b ) b i
e (20)
Interest payable 1Py for the period [M, t;] is given by-
tl
P, = CZSIrIM q(t) dt
|_ a (e—bt1 e*bt1+90(t1*M) e—bt1 efbM ]—l
= C:3Ir| % - + - F'
L(_ b+6,) | -6, -0, b b |
...... 1)

Now the total average cost TCyp (ti, T) inthis case is given by-

C+ Cqu+ C3qD+ C2q5+ IPl(b)_ IEl(b)

TC ) (1, T) = -
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— S_'_ C1|_ apu {efb+00(tlfu)_efbu}+ a_u_z
T T L(— b+ 06,)
S “bt,  —b+ 0t )
a —bu a € e e
- — e -1)+ 3 -
b (-b+6,) (-6, b 0,
_buw_] [ e o
_e F|+C3| a {ebeo(l )—e_b”}
b J T |_(—b—|—90)
a  _ut —bu—| CZF a —pt, 1/ o0 ,btl—|
— t— - — t.—-T) - — -
+ b(e e )J+ - L be (t, ) b(e e )
C3Irr a (e—btl efbtl+60(tl—M) e_btl e,bM ]—l
* | ] + + + L
T L(—b+90)L—90 0, b b ||
_ C3Iel_ae _2 1 +3(M_£w+ ae (tl_ M)_]
T L b b { b ) b J

To minimize the total average cost per unit time TC1(, (t;, T) the
optimal values of t; and T (say t;* and T*) can be obtained by solving the following two equations

simultaneously-

=0 cen(23)

o t,
and
oTC 1(a) (tl,T)

=0 (24)

oT
Provided they satisfy the sufficient conditions-

2
2% TC 1y (t,,T)

= > 0
ot? /
2
6% TC 1 (t;.T)
= > 0
oT
and
2
(azTcl(a) (tl,T)MazTcl(a) (tl,T)\ (azTcl(a) (tl,T)} .

Lo JU e )L e
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Equation (6.23) and (6.24) are equivalent to-

c | a a (be ™ ;
1| L 0 e(_b+eo)(t1_u)+ % +e7b1+
T |(-b+6,) (-b+6,)| 6,
,b+90(tlfu)1—| C |_ —|
. 2 F|+ 3| 2 eo _b+90(tl_u)_ae S |
0, J_I T L(—b+90) |
+C2[ae’bt1(T—t)]+Cslrl— a %( be ~”'*
1 |
T T | (—b+6,) 0,
( o) 11 c.1 a
-t Mg e Ml 2t fae e ™]=0
| JJ T b
e(25)
and
1 [ [ a
_ . | C _|_Cl| 25 —b+90(t1—p)_e bu}+au
T | |_(—b+ 0,)
2 ( o a oDt obts P 0o(t;-n) o bH l—I
——2(6 —1)+ + -
b (b+0,)| -0, b 0, b JJ
+C3r a { 7b+eo(tlfu)_e_bu}+_( —bt, —bp)—l
L(—b+90) b J
1 _ [a(p— M
+Czr__e—btl(tl_-l-)__(e—bT_e btl) +C,l, (“ )
L b J L(_b+60)
7b+90(t17 ) a - - a
Le Uoe i ap(n-M) - (e - bM)_(—b+e)
0
[ 1 bt _ 1 11 [ ae ™
B R RN —(e_btl—e_b“)H—Ca'eL 2
P b J ] b

+ E(M — iw + ﬂ(tl— M )—I + C—zri(e_ml— e ' )—| =0
b b ) b | 7T Lb J

Now to develop the algorithm to find the optimal values of t; and T.
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ALGORITHM 1(b):

STEP 1- Perform (1) ---=> (1V)
(|) Start with tl(l) =M
(I1) Substitute tyqy into equation (25) to evaluate T
(1) Using T todetermine ty, from equation (26)
(IV) Repeat (I1) and (I11) until no change occurs in the value of t; and T.
STEP 2-Tocompare t; and M
(M I M<t, then t; isfeasiblethan go to step (3).
(m If M>t , then t; isnotfeasible. Set t; =M and evaluate the corresponding values of T
from equation (26) and then go to the step (3).
STEP 3-Compute the corresponding.

TCypy (t*, T*)
CASE (2): tt< M
In this case since t; <M The buyer pays no interest and earns the interest during the period [0, M], The
interest earned in this case is denoted by 1E(; andis

t, _
IE ;) =C,l, [ (M-t)ae " dt

Mba (e ™ —1)+ %tlebt1+ b12 (ebtl—l)J

...... (27)

:
—C .1 |-
|

The total average cost per unittime TC, (t;, T) inthis case is
C+Cqy+Ciqp+C,Lagg—IE,

TC ,(t;.T)=
T
:E_'_ C1}7 au e—b+90(t1—u)_e—b“}+auz
T T [(-b+06,)
( —bt, —bt, - b+ eo(tl— p,)
—bp a e e e
——z(e - + % —
b (-b+6,) | -6, b 0,
+e—bu l—}+ CS}— a { o POt w) _bu}
b J T |_(—b+90)

e (28)
To minimize the total average cost per unittime TCy (ty, T) the
optimal values of t; and T (say t;* and T*) can be obtained by solving the following two equations
simultaneously-

&TC ,(t,,T)
ot, e

and
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o0TC ,(ty. T

oT e (30)
Provided they satisfy the sufficient conditions-

22 TC ,(t,,T)

> > 0
ot

8% TC ,(t,,T)

oT?
and
2

o2 TC ,(t,,T) |[8°TC ,(t,,T) 2°TC ,(t,.T) ’ 0
ot oT? ot oT

Equations (6.29) and (6.30) are equivalent to —

c c,l a _ a b et

= 1 u eo e(b+90)(t1 H)_'_ _|_ebt1_|_

T T [(b+6g,) (b+0,)| -0,

b+0g( t,—

eP+0o(ti—n) —1+ C3{_ a 0 b+0o(t,—n) e btl—{
902 J T | (b+64) |

T
...... (31
and
1r [ a _
——2|C+CL(b He){ b+90(t1 H) eu}+au
T + 0
_i(ebu_1+ 2 e +ebtl b+90(tl_u)_ebuu
b ? (b+6,)| -0, b 0, b |
C3r a { b+90(t1*u)_ebu}__( bt, bu)—|
|_(b+60) b J
[ .. bty
+cz[iebtl(tl—T)+;[ebT—ebtlﬂjL03|e|Laeb2
bM l _
—i(MJrij—ae (tl—M)|+C2r a(ebtl ebT)—lzo
b L | T Lo |
...... (32)

Now to develop the following algorithm to find the optimal values of t; and T.
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ALGORITHM 2
STEP 1- Perform (1) ---=> (1V)
() Start with (t)); =M
(1) Substituting tyqy =M into equation (31) to evaluate T,
(1) Using T todetermine ty, from equation (32)
(IV) Repeat (I1) and (I11) until no change occurs in the value of t; and T.
STEP 2- Compare t; and M
(n I t, <M, t; isfeasible than go to step (3).
(a 1 =M, t; isnotfeasible. Set t; =M and evaluate the corresponding values of T from
equation (32) and then go to the step (3).
STEP 3- As started earlier the objective of this problem is to determine the optimal valuesof t; and T so
that TC (t;, T) is minimum. As the discussion carried out so far one can get-

TC (tI,T*): Min {Tc 1a) (tI,T*), TC y(p) (tI,T*), TC, (tI,T*)}

V. Conclusions

In this paper an appropriate pricing and lot sizing model for a retailer when the supplier provides a
permissible delay in payments is developed and discussed. The model incorporates some realistic features like
deterioration, shortages and supplier credits which can be associated with a number of different types of
inventories. The model can be used for goods like domestic items; electronic equipments etc. and can find
various applications in the retail business. The problem has been formulated analytically and cost minimization
approach has been used to find the optimal solution. We desire the first and second order conditions for finding
the optimal cost and then developed an algorithm to solve the problem. The model is proposed for non
instantaneous deteriorating items with exponential demand. Shortages are allowed and they are partially
backlogged. During the shortage period only a fraction of the demand is left. The algebraic procedure and cost
minimization procedure is applied to find the different optimal values. Some particular cases as constant
demand, instantaneous deterioration can be obtained from the developed model.
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