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ABSTRACT: This paper studies the Raviart-Thomas mixed finite element method for solving the general
second-order elliptic eigenvalue problem. It derives and analyzes a class of stable residual-type posterior error
estimators, and through theoretical analysis, proves the effectiveness and reliability of the proposed posterior
error indicators. Based on the posterior error estimate in this paper, we develop an adaptive algorithm to solve
the second-order elliptic eigenvalue problem, and the numerical results demonstrate that the adaptive algorithm
established in this paper is efficient.
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. INTRODUCTION
The second-order elliptic eigenvalue problem is a classical and widely applied topic in mathematical

physics, with significant importance in fields such as engineering, physics, and computational science.
Reference [1] discusses extrapolation methods for eigenvalue problems, reference [2] explores reconstruction
algorithms for function values, and reference [3] addresses multi-level correction methods for eigenvalue
problems, among others. The mixed finite element method, as an important branch of finite element methods,
has gained increasing attention in practical applications. Unlike traditional standard finite element methods, the
mixed finite element method enhances the mathematical expressiveness of the model by simultaneously
considering multiple physical quantities (such as displacement, stress, pressure, etc.) as unknowns, and
introducing additional variables and constraints. This method provides higher solution accuracy and stronger
numerical stability when handling complex problems.

With the continuous development of computer technology and numerical methods, the proposal and
application of adaptive methods have become one of the important advancements in finite element analysis. In
1978, Babuska and Rheinboldt [4][5] first introduced adaptive methods and residual-based a posteriori error
estimation, which attracted widespread attention in the field of scientific and engineering computation, leading
to significant achievements. In recent years, this method has become one of the mainstream approaches in
scientific computing and has been extensively researched (see [6][7]), with reference [8] discussing the
application of posterior error estimation and adaptive algorithms.

This paper primarily uses the mixed finite element method to solve the second-order elliptic eigenvalue
problem, proposing a residual-based a posteriori error indicator and verifying its reliability and effectiveness.
Based on this, adaptive computation is implemented. Numerical results show that the adaptive algorithm
achieves optimal convergence rates. Furthermore, the error curves indicate that, for the same degrees of
freedom, the approximation obtained using the adaptive algorithm is more accurate than that obtained using the
uniform mesh method.

1.1 Notations and Basic Preparation:
The following is a description of the notation that will be used in this article. For s > 0, we denote as
Illso the norms of the Sobolev space H*(Q) and [H®(Q)]*>, with the convention H°(Q) = L*>(Q) and
[H°(Q)]? = [L*(Q)]?. In addition, we define the Hilbert space as follows
H(div, Q) = {r e (12()": divt € 12 (Q)}
and the corresponding norm is given by:
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el faivy = ITll5 o + lldivell§ o (11)
The Poincaré inequality: If Q is a connected and bounded convex domain in one direction, then for any v €
H'(Q), we have:

Ivllo0 = IVVlloq (1.2)
The definition of the curl is as follows:
— (9% _ 99 — 092 _ 901
curlg = (6x2' axl) , Tt = dx;  Oxy (1.3)

Finally, the relation a < b represents a < Ch, where C denotes a constant independent of k, the mesh size, and
similarly, a = b represents a > Cb.

1.  THE SECOND-ORDERELLIPTIC EIGENVALUE PROBLEM
Consider the second-order elliptic eigenvalue problem: Find 1 € R, u € H3 (), such that
{—V (c(x)Vu) =Au, in Q
u=0, on 0Q
where c(x) = ¢, > 0, Q c R? is a bounded domain with a Lipschitz boundary, and V, V - denote the gradient
operator and the divergence operator, respectively.
Let o = c(x) - Vu, then the problem (2.1) is equivalent to
{ c(x)le—-Vu=0 in Q

(2.1)

—dive = Au, in Q (2.2)
u=0, on 00
let H= H(div,Q),V = G = L?>(Q), from the equivalent form (2.2), the mixed variational form of the problem
(2.1) is obtained as follows: Find (1, 0,u) € R X H X V, such that

{a(a, )+ b(t,u)=0, VTeEH 2.3)
b(o,v) = —Ar(u,v), Vv eV
where the bilinear forms a(-,-), b(:,-), and r(-,-) are defined as follows:
a(o,7) = [,crordx, b(r,v) = [, divt-vdx, r(u,v)= [ uvdx
and the bilinear forms a(:,-), b(-,-), and r(:,-) have the following properties
la(e,D)| < llollgllzlly, Yo,T€H (2.4)
a(o,0) =2 |lollg, Vo € H (2.5)
|b(z,v)| s llzllullvlly, YTeHveV (2.6)
Irw, )| < llullyllvily, YuveV (2.7)
For the eigenvalue A, there exists the Rayleigh quotient expression
alo,0
A=r&$ (2.8)
From [9][12], the eigenvalue problem (2.3) has an eigenvalue sequence {1;}
0S4 A4 < S A <oy Iiif;lk=oo

and the associated eigenfunctions

(01, u1), (02,uy), -, (O, U),

1. STANDARD MIXED FINITE ELEMENT APPROXIMATION
Let 7;, = {x} be a shape-regular mesh of Q, where h, denotes the diameter of each element x, and h =

mec}xh,c. Let €, be the collection of all edges, with h, representing the length of edge e € &,. For any x € 7},
KE€Jp

we denote by P, (k) the space of polynomials defined on element k, where k > 0. With these ingredients at
hand, we define the Raviart-Thomas space as follows (see [10])

H, ={t, € H{iv,Q): 1yl € [P (®K)]* ® x - P, (k) VK € T;,} (3.1)
Vy, = {v, € L>(Q): vy, € Pe(x) VK €T} (3.2)

Then, according to the definitions of spaces H, and V},, we have
divH, =V, (3.3)

The mixed finite element approximation of problem (2.3) is: Find (1, 63, u,) € R X H;, XV}, such
that
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{a(ah, Th.) + b(Th, uh) = 0, VTh € Hh (3 4)
b(op,vp) = =AUy, vg), Vv, €V .
for the eigenvalue A, there exists the Rayleigh quotient expression
_ a(op0on)
Ap = o (3.5)

From [9],[12], the eigenvalue problem (3.4) has eigenvalues as follow
0 hpn=<hp < S hn<<yn Igi_molk =
and the associated eigenfunctions
(01,h' ul,h): (Uz,h: uZ,h)' " (o-k,h' uk,h)'”" (UN,hl uN,h)
Define the L2- projection operator IT,,: L*(Q) — V,,, which satisfies
lv — vl S hlv|, Vv € HY(Q) (3.6)

Define the Raviart-Thomas interpolation operator Q,: W — H,, where W = H(div, Q) n [L5(Q)]?, for s > 2, it
satisfies

llo — Quolly S hlal,, Yo € H(Q) n H(div, Q) 3.7
therefore, the projection operator IT, and the interpolation operator @Q,, satisfy the following commutative
property

divQ, = Il div (3.8)
Let Id denote the identity, and L denote the L?-orthogonality, then we have
div(ld — Q)W LV, (3.9)
Furthermore, we assume that the interpolation satisfies a local error estimate, then we have
Ih~*Ud — @l S Ilyug, T € HX(Q) N H(div, Q) (3.10)

Finally, assuming that the interpolation operator Q;, approximates the normal component on the boundary, then
forany e € &,, v, €V}, and T € W, we can obtain
J.vn-(d=Qy)T-ndx =0 (3.11)
where n = (n,,n,) denote the unit outward normal vector.
Consider the source problem corresponding to the eigenvalue problem (2.3) and its discrete mixed finite element
form.
Find (p,q) € H x V, such that

{a(p, ©)+b(t,q) =0, VTEH 612
b(p,v) = —(f,v), Yv eV '
Find (pp, q1) € Hy, X Vy, such that
{a(ph, Th) + b(Th,qn) =0, VT, €Hp (313)
b(Pr,vn) = =(f, vn), vy, €V, :

For the polygonal domain, it is known from [11] that the problem (3.12) has a unique solution, and the
following regularity result holds: For f € V, ¥(p, q) € H" ()% x [H*"(Q) n H}*"(Q)], such that
lgllyer + Il S lIflle,  1/2<r<1 (3.14)
Assume that the mixed finite element spaces H, c H and V;, c V satisfy the inf-sup condition, i.e.,
there exists a constant 8 > 0 such that
b(tp,
p 2 > Bllvylly, Vvn € Vi (3.15)
ThEHR hilH
Then (3.13) also exists a unique solution (py, q,) € H, XV, and the following error estimate is valid (see
[10][16])
lp — prlla + 11 — qrllo S inf llp — Tullyg + inf llqg — villo (3.16)

ThEHR VhEVH
Therefore, we define linear bounded operators
S:G->HcaG T:-G-Vca
Sp:G->H,cG Th:G->V,cG
For f € V,V(Sf,Tf) € H X V such that
a(Sf,t) +b(r,Tf) =0, VTEH
{b(Sf, v) = —(f,v), Vv eV
For f €V, Y(Snf,Tnf) € H;, X V}, such that

(3.17)
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{a(Shf, t,) + b(ty, Tpf) =0, Vt, € Hy (3.18)
b(Snf,vn) = —(f,vn), Vv, €V '
Thus, the problems (2.3) and (3.4) have equivalent operator forms, respectively
ATu=u, S(Au) =0 (3.19)
A Tpup = up, Sp(Apun) = oy (3.20)

It’s easy to know T and Tj, are self-adjoint. Suppose that A and 4,, are the kth eigenvalue of (3.19) and (3.20),
respectively, from (3.14), we can conclude that T is completely continuous.

The proof method similar to Theorem 3 in [12] can be used to prove the following lemma.

Lemma 3.1. Let (p,q) and (py, qi,) be the solutions of (3.12) and (3.13), respectively, then the following

equation holds
1

- = su b(o — ,q—Vp)t+a(P—DPno—
llg = qnllo dea,ﬁiolldllo( (e—Qreq—vp) +a@—pne—Qro) (3.21)
+b(P — Quwp, 9 — y1r)), VVh, Y € Vp

where, forany d € G, (9,9) € H x V is a general solution of (3.22):
a(w,0) + b(w,9) =0, VweH
{ b(o,v) = —-(d,v), Yv eV
For the above problem (3.22), there exists well-known regularity result ||@ll, + 19114+ < lIdll, where 1/2 <
r<1.
Theorem 3.1. Under the conditions of Lemma 3.1, for any f € V, the following estimates hold
g = arllo S h™llqllm + R ™ [IDllm + RO divpll ey, 1<m<k+1 (3.23)
llg = anllo S h**llgllyr + R RN Fllg + RPN fl, 1/2<r<1. (3.24)
Proof. First, we estimate the first term b(o — @0, ¢ — v;,) in the equation (3.21). There exists an operator
2, H™(Q) - V, such that for ¢ € H™(Q), we have
lg —Znqllo = K™lIqllm, 1<m<k+1 (3.25)
Therefore, using equation (3.25) and the definition of the interpolation operator Q;,, we obtain the estimate as
follow

(3.22)

wilgghlb(e —Qre,q — )| S |ldiv(e - th)lloviggh”q — vallo
< lldivellollg — Zaqllo (3.26)
< [l divolloh™ gl 1<Sm<k+1
Next, we estimate the second term b(p — Q,p,9 — y;,). Similar to equation (3.26), we have the following
estimateforl<m<k+1
inf b~ Qup,9 = y)| S ldiv(® = Qup)lloll® = Zn9llo

S W divp |l AFRCEONI 4
Finally, using the equation (2.15) in [12], the estimate for the last term a(p — pj, @ — @,0) is as follows

la(@ —pr, @ — Qro)| s llp — prllolle — @rello (3.29)
< llp — @Quplloh™llell,
Based on the above, we use the regularity result from the auxiliary problem (3.22), and by combining equations

(3.26) - (3.28), then we can obtain the following estimate
la = anllo = sup - (b(e — @ne,q = i) + a(p — Pr.@ — Q@) + b(® = Qup,9 = )

1 . i .
< ——(h™lldivellollqlln + 1P — @uplloh"llell, + K™ ™R || divpll -1 [191]147)

(3.27)

~lidllo (3.29)
1 . .

S m(hmlldllollqllm +llp = Quplloh” llell, + ™ ™R divp|| g 19]14,)

S h™gllm + K7Dl + RO divpll ey, 1Sm<k+1

Based on equation (3.29), we can also derive the following conclusion
llg = anlle S h**7llqllysr + R ERNFll + RN f 1l
From Theorem 3.1 and [17], we know the following prior error estimates: For any f € V, the following hold

ISf = Sufllo s A" ITfllmer, 1<m<k+1 (3.30)
ITf = Tufllo S K™ ITfllper, 1<m<k+1 (3.31)

Therefore, from equations (3.30) and (3.31), the following convergence result holds (see [9],[19],[20]).
”T - Th”L(V.V) -0 if h-0 (332)
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IS —Spllcvy 20 if h>0 (3.33)

The results in equations (3.32) and (3.33) are equivalent to the convergence of eigenvalues and eigenfunctions.

Therefore, using the abstract theory from [14][15], and a priori results in equations (3.30) and (3.31), we may

draw the following conclusions.

Lemma 3.1. Let (4,0,u) and (4,0, u,) be the solutions to the eigenvalue problem (2.3) and (3.4),
respectively, for u € H™*1(Q), such that the following priori error estimates hold

llo = anllo + llu —upllo S R¥*Y, k>0 (3.34)

A—2A, S h?0*2 k>0 (3.35)

V. A POSTERIORI ERROR ANALYSIS
This section will present the posterior error estimator for the approximation of the feature pair

(A, o1, uy) and prove the reliability and effectiveness of this error estimator. First of all, we will provide some
explanations of the tools and notations that will be used in the proof process.

4.1. Technical tools
Let &, = éJT E(kx), where E(x) denotes the set of all edges in element x, and define w, and w, as
KETh
follows:

r

* ze(;c)neu(;c')am o @e zees%c') K (4.1)
for all edges e € &,, €, = €L U EP, where &, denotes the internal edges and £ denotes the edges on the
boundary 0Q, let e = k. N x_ be defined, and define the jump of the function v on edge e as:

JWle = @le)|, = Wl e €&
J@)le = @lle, eE€ EZ
Lemma 4.1. Consider the Clément interpolation operator 8,: H(Q) — S*(7},), and define S1(7;,) c H(Q) as
the set of continuous piecewise affine functions, for any v € H3 (Q), it satisfies

!

lv = 0pvlion S hellvlliw, (4.2)
v = Onvlloe S he 2010, (4.3)

Lemma 4.2. For ¢, @ € H(Q), the integration by parts formula gives
Jolo - curlp + ¢ -rotg)dx = [, ¢ - (@ - )ds (4.9

where t = (—n,,n,)T represents the unit outward tangent vector.

Now, we introduce the mixed finite element eigenvalue expansion [21].
Lemma 4.3. Assume (4,a0,u) € R X H x V be the solution to the eigenvalue problem (2.3),0 = u € V and
w € H satisfy

a(w,w) + b(w,u) =0 (4.5)
Let us define
2> _ aww)
A= (4.6)
Then, we have
&4 —-a(w-o,w—0)-b(w—0,u—u) _ Ar(p—u,u—u)
A== m) () .7

Proof. Itis calculated from equations (2.8) and (4.6)
1-1= a(w,w)=Ar(u,u)

()
_ alw-o,w-0)+2a(w,0)—-a(s,0)—Ar(u,u)
()
a(w—o,w—-o0)+2a(w,0)—Ar(uw,u)—Ar(u,u)
= 4,
() (4.8)
_ a(w—o,w—0)+2a(w,0)—2Ar (u,u)—Ar (u—u,u—u)
r(pu)
_ alw—ow-0)+2a(w,0)+2b(o,1) _ Ar(u—u,u—u)
(D] r(up)

Using equations (2.3) and (4.5), we have
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2a(w, o) + 2b(o, 1) = 2[a(w,a) + b(o, 1) — a(w,w) + b(w, u)]
= —-2a(w,w—0) —2b(w—o0o,u) (4.9)
=—-2alw—o,w—0)—2b(w—o0,u—1u)
Finally, by combining equations (4.8) and (4.9), equation (4.7) can be obtained.
Next, by Lemma 4.3, and in conjunction with equations (2.8) and (3.5), the following relationship
between the eigenvalue error and the eigenfunction error can be obtained.
Lemma 4.4. Let (A, 0,u) € R X H XV be the solution to problem (2.3), and (4,64, u) € R X H, XV, be
the solution to the finite element approximation (3.4), then the following equation holds
1A =212 S llo = onlly + llu —upllo (4.10)

4.2. Local and global error indicators
Define the local error indicator on each element k.
nZ = hillrot(c L o)li3,c + h2llc™ oy, — VoulI3 .« + hell/ 2oy, - D)II3, (4.11)
The global error indicator is given by

1/2
Np = (erfh 77;%) (4.12)
Next, we will prove that this error estimate is reliable.

4.3. The reliability of the eigenfunction estimator
Theorem 4.1. Let (4,0,u) € R X H XV be the solution of problem (2.3), and (4,64, u;) € R X H, X V,, be
the solution of the finite element approximation (3.4), then we have

lo—oplly + llu—uplly Sn, + h.oo.t (4.13)

1/2
where h.o.t = (Zxer, hi (12 — Anl? + Ilu — upll3))

For Theorem 4.1 above, we will prove it in the following two lemmas.

Lemma 4.5. The following estimate holds

1/2
lc=2%(a - ah)||0‘Q s (hzllrot(c‘ltfh)llaQ +h|j(c"Y?a), - t)||(2)‘gh) + h.o.t (4.14)

where the definition of h. 0. t can be found in Theorem 4.1.
Proof. Let p € H}(Q), and consider the orthogonal Helmholtz decomposition of c~1a,

div(c - Vp) = divay, (4.15)
Then, there exists 8 € H'(Q) such that [ Bdx = 0, curlp 1 VH;(Q), and
o, =c-Vp+curlf (4.16)
From equation (2.2) and equation (4.16), we can obtain
o—o,=c-VX —curlf, X =u—p € H}(Q) (4.17)

Therefore, there is an error decomposition
Joc T (@ —0ap) - (6 —ay)dx = [L(VX — ¢ eurlB) - (c - VX — curlB)dx
= [,(c-VX) - VXdx + [, (c curlp) - curlBdx
Firstly, we estimate the first term fﬂ(c -VX) - VXdx. Using integration by parts, equation (2.2), and div(e —
o) L V,, we can obtain that
Jo(c - VX)VXdx = [ VX - (6 — 6p)dx + [, VX - curlBdx

= [,VX - (6 —0,)dx

== fg(x — I, X) - div(e — a,)dx (4.19)

S hlldiv(e — ap)llo||c'/? - VX”O

S hll Ay, — Aullo||ct/? -VX”O
Next, we estimate the second term fﬂ(c_lcurlﬁ) - curlBdx. We use the Clément operator 0, defined as ), =

0,8, which satisfies the properties curlf, L VH}(Q) and divcurlB, = 0. Then, based on equations (3.3),
(4.17), (2.2), and (3.4), we obtain that

(4.18)
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Jo(c™reurlp) - curlydx = — [, ¢ (0 — ay,) - curlBydx + [, VX - curlf,dx
= — [,V —up) - curlB,dx

(4.20)
= [, (u —up) - diveurlp,dx
=0
By Lemma 4.2, using equations (4.20) and (4.16), it can be derived that
Jo(c™ eurlp) - curlpdx = [,(c™ curlp) - curl(B — f,)dx
= [yc7 oy - curl(B — Br)dx — [, Vp - curl(B — B,)dx
= [y oy - curl(B — Bp)dx (4.21)
= — [, (B = Bp) - rot(c™a)dx + fgh](c_lo-h ) - (B — Brlds
Based on equations (4.2) and (4.3), along with 8, = 6,8, the following estimate can be obtained
Jo (B = Br) - rot(c™ap)dx < ||k - rot(c ™ a)llollBlly (4.22)
Je, J(c7 o 0) - (B = Bu)ds < [|RY2 - J(c™ o - O| 1B (4.23)
By Poincaré's inequality (equation (1.2)), we have
181 < IVBllo = lleurtplly < |lc~/2curlB||, (4.24)

Therefore, the following estimate can be obtained
Jo (™ eurlB) - curlBdx < ||c‘1/zcurl[?||0 (||h1/2 J(ctoy, - t)||0 + k- rot(c‘lah)llo) (4.25)
By equations (4.18), (4.19), and (4.25), along with div(e — a;,) = A,u, — Au, the following estimate can be
derived
2 1/2
||c‘1/2(a - ah)”O s (hzlllhuh — |} + h*lIrot(c rap)ll5 o + h||](c‘1/2¢7,1 . t)”O.Eh) (4.26)
Finally, Lemma 4.5 is proven.
Lemma 4.6. The following estimate holds
lu = uplle S (h?llc™ 0y, — VU lIH)? + h.o.t (4.27)
where the definition of h. 0.t can be found in Theorem 4.1.
Proof. There exists 8 € H3 (Q) such that div(c - V8) = u — u,. By integration by parts, equations (2.2), (3.4),
and (3.9), for any v, € V,,, we have
lu —unll§ = [,(u — up) - div(c - VO)dx
= [yu - div(c-VO)dx — [, uy - div(c - V0)dx
=—J,Vu-(c-VO)dx — [ uy - divQ,(c - Vo)dx
— [y un - div(ld — Q) (c - VO)dx
=—J,0-V8dx + [,(c'6},) - Qu(c - VO)dx
=—J,(6—0}) - V8dx — [, (c""ay) - (Id — Q,)(c - VO)dx
= [,0 - div(e —oy)dx + [ (Vv, —c7'ay) - (Id — Qp)(c - VO)dx
- f.Q V'Uh . (Id - Qh)(C . VH)dx
Let 6;, = I1,,0, since |61l = I11T,01lo < 101, is an infinitesimal, it follows from equations (2.2), (3.4), and
(3.6) that

(4.28)

J, 0 - div(e —ap)dx = [ (6 — 11,0) - div(e — 6,)dx + [, 0y - div(e — a),)dx
< IVBllolidiv(e — an)llo + l16lolldiv(e — an)llo (4.29)
< IVellolidiv(e — an)llo
Furthermore, the second term on the right-hand side of equation (4.28) can be estimated as
JoVvp = c7tay) - (d = Q) (c - VO)dx < ||h(Vv, — ¢ ap)llollR™Ud — @) (c - VO, (4.30)
According to equation (3.10), we have
Ih=1(Id — @n)(c - VO)llo s |c- VoI, s 161, (4.31)
Finally, using equations (3.9) and (3.11), the last term on the right-hand side of equation (4.28) can be estimated
as
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Jo Vvn - (d = Qp)(c - VO)dx = — [, vy, - div(Id — Q) (c - VO)dx
+ [,qvn - (d = Qy)(c - VO) - nds (4.32)
=0
In conclusion, by combining equations (4.28) to (4.32), we obtain
llu — upll? s llu = upllo (R (Y, — c2ap) 13 + R2|ldiv(o — a) 1)1/
< llu = unllo (B2 (Voy, — ¢ o) 113 + R2 | Ayun — Aul[3)*/2
By simplifying, we can prove Lemma 4.6.
From the prior estimates given by equations (3.34) and (3.35), we know that ||A,u;, — Aul|, is a higher-
order small term relative to ||u — u||,. Therefore, equation (4.13) tells us that the error estimate indicator is one
of the upper bounds of the error estimate, and thus, it is reliable.

(4.33)

4.4. The effectiveness of the eigenfunction estimator

The following task is to prove the lower bound of the local error estimator. This lower bound is
obtained based on the localization technique of bubble functions and inverse inequalities.

We first introduce the bubble functions in two-dimensional space. Given k € T}, and e € &, let i, be
the standard element bubble function, and i, be the bubble function on the surface. By utilizing the bubble
function technique developed by Verfirth [22], the following properties are satisfied:

1. Y, € Ps(k),with0 <y, <1 =maxyy, ink, P, = 0ondk;
2. Yy Ew,, With0 <y, <1=max),, Vk € T}, k C wg, it satisfies P, |, € P, (k).
Lemma4.7. Forany k € 7, and e € &, the following equation holds
ollox = e ?vll,,, v € Pl (4.34)

I€loe = [lwe’*¢ll,, V¢ € Pile) (4.35)

For each 1,¢, there exists an extension factor B: C(e) — C(w,), where C(e) and C(w,) are continuous function
spaces defined on e and w,, respectively, such that B¢|, = ¢, and

he €l < [lwe" - BEll, . = he*Ii€lloe (4.36)

Lemma 4.8. Let (4,0,u) € R X HXV be the solution of (2.3), and (1,6 ,u) ER X H- XV be the
solution of the finite element approximation (3.4), then we have the local lower bound as follows
(i) For any x € 7;, and B, there holds

hellrot(c top)llo. S ||c‘1/zcurlﬁ||ojk (4.37)
(i) For any x € 73, there holds
helle™ oy, = Vuglloye S Nl — upllox + hl|c™/2(a - Uh)”OJc (4.38)
(iii) For any e € &, there holds
he (e oy - Dlloe S le=/2curip]|, (4.39)
Proof. (i) Firstly, from equation (4.34), the following equation holds
lIrot(c o )l13, < [[we’? -rot(c-lah)nﬁx (4.40)

By integration by parts, we have rot(cla},) = —rot(c‘l(a - ah)), and combining this with equation (4.17),
we can deduce that

llwe/? -rot(c‘lcrh)||§,c =— fx Y, - rot(c tay,) - rot(c7 (o — a,))dx

= fx(c‘l(a' —ay)) - curl(y, - rot(c toy,))dx

(4.41)
= fK(VX — cteurlp) - curl(y, - rot(c™a,))dx
= - fk(c'lcurlﬁ) -curl(y, - rot(c™1ay))dx
Since Y, - rot(c™lo;,) € P4, has zero boundary values on k, then we have
[y - rot(c™ o)l S Bl - ot (c T ap)llox (4.42)
Finally, by applying the Cauchy-Schwarz inequality and using equations (4.40) to (4.42), we can derive that
||1/),i/2 ‘rot(c‘lah)”” S h,;1||c_1/2curl/>’||ok (4.43)

Thus, (i) is proven.
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(ii) For any k € T3, from equation (4.34), we have
2
lc™ an — Vupllf, S ”1/);%/2 “(cTlop — Vuh)”O_K (4.44)
By using the integration by parts formula and ¢~1e = Vu, we can obtain
2
[’ - (e on = Vunll, , = J ¥ - (72on = Vay) - (¢ 0 — Vay)dx
= fklp}c ¢ lay - (croy — Vuy)dx
- fk Vi - Vuy - (¢7roy — Vuy)dx
=—[ Yo —0ap) - (cTrop — Vuy)dx (4.45)
- fK(u —up) - div(P(c oy — Vuy))dx
S et (o — o)l (c ™ on — Vup)llox

+lu — uhllo,kllplc(c_lo-h - Vuh)ll,K
Similar to equation (4.43), we can derive

[ (e on — Vup) i, S bl (™ oy — Vuy) [lox (4.46)
Finally, from equations (4.45) and (4.46), we have
[’ - (c72an = Vun|l, S lle2(a = o), + hiclle = unlloe (4.47)

By combining equations (4.44) and (4.47), we can prove (ii).
(i) For any e € &, let § = J(c™ oy, - t) be a polynomial of degree < k along the edge e. By using the
properties of the bubble function ., and combining with equation (4.35), we have
2
5113, = ||1p,}/25||0‘e = [ 9.6 J(c7 oy - )ds = — [ Y, - BS - J(cX(a — 6y,) - E)ds (4.48)
By applying equation (4.4) to each element x, and combining with equation (4.17), we can obtain
—[,¥eBS-J(c (o —0ap) - t)ds = — fwe c (o —ap) - curl(y, - BS)dx
- fwe(we - B6) - rot(c7 (o — 0y,))dx
= fme creurlp - curl(y, - BS)dx

(4.49)
+ [, (e - BS) - rot(c " ay)dx
s ”C_lcurlﬁllo,welwe : Ball,we
+Ie - BSllo,w lIrot(c ™ on)llo,0,
From (i) and equation (4.36), we can deduce that
— [, e B8 - J(c™H (o — 0) - t)ds S |lc eurlBllow, e - BSl10, (4.50)
+h;1/2II(SIIO‘e||c‘1/2curlﬁ||0‘we '
Since 1, - BS is an extension of polynomials, there is an inverse inequality (for details, refer to [23])
[We - BSl1,0, S he ' llpe - BSllow, (4.51)
By further using equation (4.36), we can obtain
e - BSl1w, S ke /211510, (4.52)
Finally, by using equations (4.48), (4.50), and (4.52), we can deduce that
I8N0 s b 2llc curlBllow, (4.53)

Thus, we can obtain (iii).
In conclusion, Lemma 4.8 is proved.
Theorem 4.2. Under the conditions of Lemma 4.8, the following estimate holds

1/2
Ny = (ZKEThni) S |l —oplly + llu —uplly + h.o.t (4.54)

where the definition of h. 0.t can be found in Theorem 4.1.
Proof. The proof follows directly from the definition of n,. and Lemma 4.8.

V. NUMERICAL EXAMPLE
In this section, some numerical experiments will be presented to demonstrate the effectiveness of the

method. Here we give the numerical results of the adaptive mixed finite element algorithm for the first eigenpair
approximation with the parameter 8 = 0.4. For problem (2.1), we consider three cases with
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1
C(.X') = 1, C(X) = m,

The corresponding numerical results are shown in the tables and figures. Additionally, the numerical examples
in this paper were computed using MATLAB 2020b under the iFEM software package (see [18]).

In the experiment, we consider two test domains: the L-shaped domain Q, = (—1,1)2\(0,1) X
—1,0),and the crack structure domain Qg;, = (—1,1)2\{0 < x < 1,y = 0}. Since the exact eigenvalues are
unknown, we select six sufficiently accurate approximate values as the reference for the numerical test. These
reference eigenvalues are obtained as accurately as possible through adaptive computations. The specific results
are as follows:

1

and C(X) = m

TABLE.1. When c(x) = 1, the numerical solution for the eigenvalues on the uniform grid regions

QLvQ‘SL'
domain ref l h dof A Error rate
13 1/4 3709 9.5807580032  0.0756736084 1.6008780762
13 1/8 11699 9.6182024994  0.0249477925 1.8930641442
13 1/16 47494 9.6342625921  0.0067168095 1.9587441726
& 9.6397238440 13 1/32 186429  9.6383032538 0.0017279146 2.0035999298
13 1/64 752661  9.6393491891 0.0004309021 1.9837704971
13 1/128 2995689 9.6396282237 0.0001089442
domain ref l h dof Al Error rate
12 1/4 3819 8.2679577933  0.1010843246 1.6621284915
12 1/8 12978 8.3352881476  0.0319398801 1.7142243455
qQ 8.3713297112 12 1/16 48012 8.3601806892 0.0097342015 1.9483208464
SL ' 12 1/32 185924  8.3675732991 0.0025223034 1.9896648862
12 1/64 740944  8.3699203051 0.0006351094 1.9948796783
12 1/128 2966924 8.3707447047 0.0001593419
TABLE.2. When c(x) = m the numerical solution for the eigenvalues on the uniform grid regions
'Q'LV'QSL'
domain ref l h dof Al Error rate
13 1/4 4052 5.3061702130 0.0572259904 1.8241265963
13 1/8 14443 5.3389337936  0.0161613076 1.8097851098
13 1/16 49396 5.3445689769 0.0046097449 1.9465451641
O 53470894509 43 /30 192804 5.3463499851 0.0011950373  1.9577700951
13 1/64 769105  5.3469668467 0.0003078654 1.9782497080
13 1/128 3040068 5.3471123190 0.0000781355
domain ref l h dof A Error rate
13 1/4 3784 4.6904214480 0.0716820469 2.1060054485
13 1/8 16118 4.7450729963 0.0166509719 1.7228447757
13 1/16 56517 4.7562515902  0.0050444246 1.9750537357
Qs 4.7612704287 13 1/32 224885  4.7597952414  0.0012831021 1.9609715371
13 1/64 898331  4.7609003213 0.0003295717 1.9581192698
13 1/128 3561025 4.7612542907 0.0000848198
TABLE.3. When c(x) = ﬁ the numerical solution for the eigenvalues on the uniform grid regions Q;,Q; .
domain ref l h dof A Error rate
14 1/4 5666 9.0112319202 0.0618039421 1.5688891144
14 1/8 17675 9.0426574110 0.0208321212 1.8799588051
14 1/16 65154 9.0525628930  0.0056599097 1.9536618226
O 90569153630 44 13> 256232 0.0558243736  0.0014611631  1.9795483080
14 1/64 1032222 9.0567166714 0.0003705060 1.9758396980
14 1/128 4116138 9.0569460689 0.0000941908
domain ref l h dof A Error rate
13 1/4 4812 7.7848435143  0.0926331259 1.7346819229
13 1/8 16791 7.8401260386 0.0278339619 1.8316428408
13 1/16 64226 7.8597321697 0.0078197990 1.8611591162
Qs 78686199409 43 13> 245248 7.8650188973 00021524391  1.9351071299
13 1/64 979113  7.8678291729 0.0005628667 1.9763531233
13 1/128 3907617 7.8685169952 0.0001430421
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Figure.1. When c(x) = 1, the adaptive mesh and error curve plot on the initial grid 1/8 for the test domain Q.
(a) Mesh after 25 iterations; (b) The error curve plot
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Figure.2. When c(x) = 1, the adaptive mesh and error curve plot on the initial grid 1/8 for the test domain Qg; .
(a) Mesh after 25 iterations; (b) The error curve plot
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Figure.3. When c(x) = T

m , the adaptive mesh and error curve plot on the initial grid 1/8 for the test

domain €,
(a) Mesh after 25 iterations; (b) The error curve plot
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Figure.6. When ¢(x) = leyz , the adaptive mesh and error curve plot on the initial grid 1/8 for the test domain Qg;

(a) Mesh after 25 iterations; (b) The error curve plot

the adaptive mesh and error curve plot on the initial grid 1/8 for the test
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VI. CONCLUSION
We present the numerical solutions of the eigenvalues obtained through the adaptive algorithm in

Tables.1 to 3, and show the adaptive meshes and error curves in the figures. From Fig.1 to 6, it can be observed

that when C(X) =1, C(X) = m s

straight line with a slope of -1. The results indicate that the adaptive algorithm achieves optimal convergence
order. Furthermore, the error curves also show that, for the same degrees of freedom, the approximations
obtained by the adaptive algorithm are significantly more accurate than those obtained using a uniform grid.

and c(x) = H;

eyt the error curves are approximately parallel to a
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