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Abstract

In present paper we deals with Lie-recurrence generated by a concircular vector field in a Finsler space equipped
with non-symmetric connection. In this communication, we have observed that in a Finsler space equipped with
non symmetric connection admitting concircular Lie-recurrence. In the later sections of the communication
results have been derived in a recurrent Finsler space of second order with non-symmetric connection. In last
section we studies a symmetric Finsler space of second order with non-symmetric connection.
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I Introduction
We consider n-dimensional Finsler space F® [10] having 2n-line element

{x"_:;-J} (i.;=L2_.n) equipped with non-symmetric connection r’,. The non-
symmetric connection ¥, is based on non-symmetric fundamental metric tensor
gy (xx)=g,(xx). Nitescu (1974) [5] defined non-symmetric connection I’; as
follows :
(1.1) (a) r'y =2, t:x_j':]+%.-'\.f;-k{x.r]

One more connection parameter I, has been introduced by Pandey and
Gupta [6].

(1.1)  (b) T (x. %)= M7 (x. ep%x}k (x.5)

The covariant derivative of the tensor field 7j(x.x) with respect ot x* is

defined Pande H.D. and Tiwari. S. K. [7] in two distinct ways as :

(1.2) (a) I:k =5,T} *{3;..7}{. )Fﬂﬁ“’ AT — LT
(1.2) (b) Ijk = akr} _l:_amTj }fﬁki‘” +I}?"1:';|i- —T,:,I:';;

where T, =T
The commmutation formmula involving the covariant derivative defined in

(1.2) is given by [7].

(1.3) T, ~T,, = (0T} ) Risx” + 17" R — TR + T N,
where

A7) ¥ h 1] = h =i = h o5 bk B
(1.4)  Rj —6,T3 —8,Th +(6,0 |T5x" —(8,0 JThs" +THI, —TET,

is a curvature tensor.

In view of covariant derivative we have the following commutation fornmla

for tensor 7] is given by [6] :

(1.5) &[T, |~(8uT) ), =T Thss ~TaT g — (0T} )T e?
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where 17, =&, -

We shall extensively wuse the following identities. notations and

contractions:
(1.6) (a) X =0
(b) I!k =0
(c) Ry = Rjpx”

@ R =R
(e) Hy&=_&gb
O  R=(-1R

and

(=) Njp =—Ng =T —T

The Lie-derivative of an arbitrary tensor 77(~x) and non-symmetric
connection I, are expressible in the forms given as under [7]

(1.7) (a) LT (x.%) =J‘:ikv* +(6T] }vfhf' ~Ivi +1;‘va_

(b) ‘Ew-Rfu'k = R;-t,f.ki

:v: +R£ﬂ_vfh +R;;s,‘_v‘fj +R}ﬁ:vfk —R,‘;,-kv;: +[35-R;ga— :}vfr.i"
(1.8) LI (xx)= ﬁ'ﬂr — R +(a.T, }vfb:?'
We have the following commutation formula [7].
(1.9) =, {ékfj)_érr (117}'] =0
(1.10) L.[Tjﬁ:)—{zﬁ.ﬁ}} — T} LTk —GiLT +(0,7) ) (L5 )%
and
A1) 110 (BT ), =L R + Ty (L5 )~ (1,75 ) =¥, (2,73 )
We now consider an infinitesimal transformation given as :
(1.12) ¥ =x"+ v
Such a transformation i1s generated by a contravariant vector » which
depends on positional co-ordinates only. the term =1is an infinitesimal constant.
2. Special Con-circular Lie-recurrence in a Finsler space F, :
In the Finsler space F under consideration we assume that the space is
admitting an infinitesimal transformation given by (1.12). which is generated by a

special concircular vector field to be characterised by
@1 @ o =ps
(b) vfk = pS;
where o 1s not a constant.
We now allow a partial differentiation in (2.1) with respect to *. we get

22) &(¥,)=(ae)s
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We now take into account the commutation formula given by (1.5) in (2.2).

(2.3) & {AEJ_]—(&,,]E)“ VT — (6,0 )T 5
But. since +' is a function of positional co-ordinates only hence from (2.3).
we get
24 & [vf-j ) v
Using (2.1) in (2.4). we get
(2.5) (épp)8) =v"Thy
We now make the supposition that the special concircular transformation
given by (1.12) has a Lie-recurrence in the Finsler space E, . i.e.
(2.6) LRy =9R,
Where ¢ is a non-zero scalar.
It can easily be verified that the scalar g appearing in (2.6) is a functions of
positional co-ordinates only.
In view of (2.1) (b). (1.7) (b). (2.6) may be expressed in the following form:
@7) & v =(9-20)Rp
Where. we have taken into account the fact that &}, is homogeneous of
degree zero in its directional arguments.
Differentiating (2.1). & -covarintly in the sense of (1.2). we get

(2.8) vfﬂr = B 5, where o = o

Applying commutation in (2.8) with respect to indices j and k. we get

(2.9) L‘fﬁ —vf-h_ = p*_é‘_‘;- —pjé';

Applying commutation formula given (1.3) in (2.9). we get
(2.10) —(&,V' | RGx" +V"Riyy = 9,5} — 0,6 — Ni
Using (1.6) in (2.10). we get

(2.11) (8, )R +V"Rly ) (T -T7 ) = 2% - 0,04

Again using (2.1) and the fact the contravariant vector + is independent of

directional arguments in (2.11). we get

(2.12) V"B + (T ~T ) = 226} — 55
We allow a contraction in (2.12) with respect to the indices i and j. we get

(2.13) oy =R (Tl T )
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Using (2.13) in (2.12). we get

(2.14) vmx;i,.ﬁp{r{r.k-r«;,)ﬂ [ "Rie +o(T5 -T5 ) |5 —ﬁ[v“%.m{rg—r;ﬂé;

As a special case. if we assume that the connection coefficient

appearing in (2.13) is symumetric one then from (2.13). we shall get

(2.15) o =

[:r:rl—lj " R
Using (2.15) in (2.12), we get
(2.16) v"[(n=1)Riys + Ryt —Ryi5) | =0
Where we have written & =R,..
We now take into account the Lie-derivative of p, and in accordance with
(1.7). we write it as
(2.17) Lo = ‘Oﬂﬁ.vh +(Chis ]p{‘!jj + ,o;,vf‘k
Weuse (2.1) in (2.17). we get

(2.18) Loy =p, V' +0(3u0: )3 + o0

Since p, has been assumed to be degree zero is its directional arguments
hence from (2.18). we get
(2.19) Loy =p, ' +0p:
We now allow a transformation to (2.7) by " and get
(2.20) R’ v = (4- 2:")}"‘}3};"}]
We now differentiate (2.12). & -covariantly in sense of (1.2) with respect to
x . we get
(221) v'R,y, H'WR;;H e, (Tl -T ] +p(Th T }P =p. 3 —pj_hfsi

!

We now allow a transvection in (2.21) by +' and there after using (2.1). we

get
(2.22) ™R, +*»""‘1,'{.i‘€:-w_H +V p{N'k + ot [(6{_ J,‘] (6 N ,:]r;'}xuv Loy —NpwI'h N;.WTE:I
Ap &-p s
' {pkh‘% pﬂ!ﬁ’r‘_)
Using (2.12) and (2.20) in (2.22). we get
(2.23) p[o8)—p,5 — PNy |+(¢—20) 215} — 0,8 — N ]

+p'n‘}|:{6} Nl )~ (8l )T + NS T, - .-vj.,,,rz}

_J ;
[ A p;"fé*}
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We now allow a contraction in (2.23) with respect to the indices i1 and j. we
get
(224) (n-1)(9—p)ox — (6= P) Nk + o' [ (81N )= (80 Vi JTUE" + N Ty = NpuT — N |

={n—1]‘|frpk‘f

Making use of (2.24) in (2.19) will not enable us to state about the Lie-
recurrence of the covariant derivative of the scalar p and therefore. we can state:

Theorem (2.1) : In a Finsler space F, equipped with non-symmetric
connection and admitting concircular Lie-recuurence respectively characerised by
(2.1) and (2.6) covariant derivative of the scalar p is not Lie-recurrent.

But however if we assume that the connection coefficient I'; of Finsler
space F, is symmetric one in its lower indices j and k. then as a result of this

assumption. we immediately get the following from (2.24).

(2.25) (¢-p)m ="J"ki;
Using (2.19) in (2.25). we get

(2.26) Loy =¢ o

Therefore in such a special case. we can state :

Corollary (2.1) :

In a Finsler space F, admitting concircular Lie-recurrence respectively
characterised by (2.1) and (2.6). the covariant derivative of the scalar p appearing
in (2.1) is Lie-recurrent with respect to the Lie-recurrence provided the connection
coefficient ', of Finsler space F, be assumed to be symmetric.

3. Recurrent Finsler space F, of second order and special concircular Lie-
recurrence :

%

Definition (3.1) : The Finsler space F, equipped with non-symmetric connection

1s said to be recurrent of second order if
(3.1) R;H;'m = B R Rl =0
Where g, (x.%) are the component of a non-zero recurrence cowvariant
tensor of second order.
Differentiating (2.7) @ -covariantly with respect to x™ . we get
2 i I i I _ i _ i
(3.2) B oatim® TtV = — 200 ) R, + (& Z’O]R;wm
Where 4, -4 and g, -0 -
Introducing (2.1) and (3.1) in (3.2). we get
(3.3) (9—30)R . =( B~ 200 ) R
In the definition (3.1) it has been assumed that Rj, =o0. which will mean
that the recurrent Finsler space F, of second order is necessary non-flat and also

the recurrence covariant tensor g, of second order is non-symmetric because. if it
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be assumed that such a space is symmetric then R_"H. =0 will obviously imply
R m

R;Hf'm =0 and as such from (3.1) we shall automatically get g,, =0 which will lead
to a contradiction of definition (3.1). In the light of these observations equation
(3.3) will imply either of the following two conditions :

(1) ¢—30 =08, —¢, +2p, =0

(1) ¢—3p =0V By~ + 25, =0

In the light of the second observation. we can write (3.3) in the following
alternative from
R

where 7, _ Y B~ +2Pm
¢—3p
Equation (3.4) automatically tells that the Finsler space F, equipped with
non-symmetric connection is recurrent of order one but it has been observe in [8]
that a recurrent Finsler space F, does not admit a con-circular vector field and

therefore under this observation we easily arrive at the conclusion that a recurrent

Finsler space F, will not admit a special concircular Lie-recurrence and therefore

we can state :
Theorem (3.1). A bi-recuurent Finsler space £, of second order with special
concircular Lie-reciurence necessarily satisfies :
(3.5 @ ¢—30=0
(i) W8, —d, +20, =0
Communicating (3.1) with respect to the indices / and m., we get
(3.6) R;u.m —R;.H]—mj =B — Bt ) Rz
Using (1.3) in (3.6). we get

(3.7) (0 Riun | REW T + R Rty — R Rl — Riph REy, — Ry Rl

i P _ i _ i
+RjHIIP"\'rIm = (B — Bt ) Rigyy = By Ri,

where B, =8, - B8,
Taking the Lie-derivative of both sides of (3.7) and there after using (2.6).
we get
(3.8) L (8, Rjti | Rt — (8, Rigi | R X +20RE; Ry, —20R 1 RE,,
~24 R}y REyy — 20R 5, Rl +[L1-Rj%-p } Np+R - LV ]
= (L, By ) Rigis + ¢ B Rz

In the light of (3.8). we can therefore state
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Theorem (3.2).

In a recwrrent Finsler space F, of second order the skew-symmetric part of
the recwrrence tensor g, (x.%) appearing in (3.1) with special concircular Lie-
recurrence is not Lie-recurrent in general. But however if we assume that

(39) -L, {5138}%}1?;}”‘(: _¢{dp1§kk }Rs’}mxs + z?ﬁR;HJR;(m - 2¢R;).H1Rﬁm

2R REy ~20Ro R +( LK, - VL +R,. (LNE)=0
Then using (3.9) in (3.8). we immediately get
(3.10) LB, —wB,,
where w=—¢
Therefore in the light of (3.10). we can state the following :
Corollary (3.1) : In a recurrenct Finsler space F, of second order. the skew-

symmetric part of the recurrence tensor g, (x.%)with special concircular Lie-

recurrence is Lie-recurrent with respect to the Lie-recurrence provided (3.9) holds.
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